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1 Introduction

Model estimation, testing, and interpretation is intimately tied to the question of parameter
stability. And the question of changes in regime underlying an economic process is intimately
tied to model choice. When a model is estimated over a finite time period, the assumption
is necessarily made that the parameters of the model are constant during that period. This
applies even to so-called time-varying parameter models since the time-variation in the co-
efficients of the basic model is modeled by means of constant-valued parameters tying the
time-varying coefficients to an underlying source of variation in some fixed way. Thus, if
the economic process has changed during the period used to estimate or test a model, the
conclusions may be incorrect. Tests for evidence of structural shifts are necessarily joint
tests of the shift/no-shift hypotheses and a particular model of the process being studied.!

Chan, Karolyi, Longstaff, and Sanders (1992, hereafter CKLS) presents a classic example
of this dilemma. They compare a series of models for the short-term interest rate over the
period 1964 through 1989 and conclude that an elasticity of volatility with respect to the level
of interest rates of 1.5 is required to model the interest rate process. They also conclude that
there is no evidence of a structural regime shift after October 1979. This paper shows that
by redefining the regime period, both conclusions are reversed. We conclude that, for the
class of models CKLS studied, there is strong evidence of a regime shift during the Federal
Reserve Experiment period of October 1979 through September 1982, and that, when this is
allowed for in the estimations, high (1.5) elasticity models are rejected and some moderate
(0.5 or 1.0) models are not. These results are robust to changes in the short-rate data used
and to the treatment of outliers.

It is often the goal of macro-economists to endogenize policy shifts so as to make structural
changes part of the model itself. This approach, while laudable, is not always possible.
Such a model may be intractable for specific applications. For instance, the diffusion and

jump-diffusion models used in derivatives analysis are far richer than the simple vector

1Suppose that the null hypothesis is that there was no structural change, and the test is conducted using
Model A. If the null is not rejected, one cannot conclude with certainty that there was no structural shift.
It may merely be the case that the test using Model A lacks the power to reject the null. Similarly, if the
null is rejected it does not necessarily follow that there was a regime shift. It may be the case that Model A
is too restrictive and that another model, Model B, may be better able to capture the time-variation.



autoregressive interest rate processes used in macro-economic models of the economy which
endogenize Federal Reserve policy actions.? The alternative is to approach the structural
shift question from a purely statistical perspective; for instance, allow for two or more sets
of parameter values defining the possible regimes with the probability of being in one regime
or the other to be state-dependent.?

Two general approaches are taken to estimating the interest rate behavior when including
the Federal Reserve Experiment period. Under the first approach, the parameters underlying
the assumed interest rate process are allowed to change without specifying the period of
change ex ante. Hamilton (1988), Cai (1994), Ball and Torous (1994), and Gray (1996)
model these non-stationarities using a Markov-switching regime estimation technique, while
Sanders and Unal (1988) and Duffee (1993) use Chow-type tests for structural changes
around the Federal Reserve Experiment period.

Under the second approach, a model of interest rate behavior is suggested that is report-
edly robust to the mean-variance changes observed during the Federal Reserve Experiment
period. CKLS argue that a simple approximation to a diffusion process with high (but
constant) elasticity of volatility adequately captures the dynamic nature of the interest rate
process over the entire 1964-1989 period. Brenner, Harjes, and Kroner (1996) and Koedijk,
Nissen, Schotman, and Wolff (1996) examine similar hybrid models that allow volatility to
depend on both the current level of interest rates (as in CKLS) and lagged squared shocks
(as in a GARCH model), while Ait-Sahalia (1996) allows the persistence of interest rate
shocks to be a nonlinear function of the level.

The time-series of short-term interest rates, shown in Figure la and b is suggestive of
a change in the process during the late 1970s and early 1980s. Both the level and the
volatility appear elevated.* This period coincides with what is known as the Federal Reserve
Experiment. In October 1979, the Federal Reserve Board announced that it would focus more
on monetary aggregates and less on interest rate levels as a means of combating historically

high inflation. In the autumn of 1982, the Fed reverted to a more “balanced” approach.

2Gee, for instance, Leeper, Sims, and Zha (1996).

3Gray (1996) and Dahlquist and Gray (1997) are examples of this approach.

4There is also evidence of isolated outliers in 1974 and 1980, which, while not suggestive of changes in
the underlying process, may affect the power of tests used to examine structural shifts.



The remainder of this paper is organized as follows. Section 2 discusses the class of single-
factor diffusion models to be studied, the data and estimation method to be employed, and
the hypothesis test used to test for structural shifts. Section 3 presents the empirical results
first replicating the CKLS results, then showing the conclusions to be dependent on an
incorrect definition of the regime shift period. The revised results are then shown to be
robust to extension of the data sample to include recent observations and to the use of

alternative and arguably better data sources. Section 4 summarizes and concludes.

2 Methodology

2.1 Models Examined

As in CKLS, this paper examines the broad class of single-factor diffusion processes defined
by
dr = k(p —r)dt + or'dz.

While not exhaustive of single-factor models, it does include several of the most important
diffusion processes used in practice including the Cox, Ingersoll, and Ross (CIR) Model and
the Vasicek Model, as well as others. The continuous time model in its general and restricted

forms is estimated using the follow discrete-time analog:

T — T = Q-+ ﬁ?“t_l + € (1)

€ = 0273211 + (2)

The most general CKLS Model is compared against eight special cases that impose restric-

tions on the values of a, 3,0, and 7.5

SCKLS refer to the general model as the “Unrestricted Model.” Designating this model as the CKLS
Model avoids confusion later on when different forms of restrictions are applied in the regime shift tests.
CIR-SR is the CIR square-root model, GBM is geometric Brownian motion, CIR-VR is the CIR variable rate
model (used in their 1980 study of variable rate securities), and CEV is the constant elasticity of volatility
model.



Parameter Restrictions | Degrees of
Model Q I} o vy Freedom
CKLS — | — | — — 0
Merton — | 0.0 | — 0.0 2
Vasicek — | — | — 0.0 1
CIR-SR — | — | — 0.5 1
Dothan 0.0 | 0.0 | — 1.0 3
GBM 0.0 | — | — 1.0 2
Brennan-Schwartz | — — | — 1.0 1
CIR-VR 0.0 | 0.0 | — 1.5 3
CEV 0.0 | — | — — 1

As Dahlquist (1996) has pointed out, forcing (or allowing) v to exceed unity implies a
non-stationary process. This violates one of the few assumptions underlying the generalized
method of moments (GMM) method to estimate these models, namely that the data be
drawn from an ergodic process (see Hamilton, p. 412), and implies an explosive interest rate
process. Similarly, the constant-volatility Merton and Vasicek Models permit the interest
rate process to become negative, a generally undesirable feature. Nonetheless, in the interest
of comparability with the original CKLS study, we include these models and permit v in the
CKLS and CEV Models to assume any positive value.

2.2 Data

For purposes of replicating and then re-examining the CKLS results, we use the 1-month
Treasury Bill series taken from the 12-month Fama Treasury Bill Files included in the Center
for Research in Security Prices (CRSP) monthly Government Bonds Files. We initially
restrict our analysis to the June 1964 through December 1989 period to ensure comparability
with CKLS.

This data series is not ideal for two reasons. Firstly, the maturity of the nominal 1-month
Treasury Bill in the 12-month file varies between 10 and 41 days. This is an artifact of the
construction of the series. A more constant-maturity 1-month series is the 1-month Treasury
Bill rate found in the 6-month Treasury Bill file, which varies in maturity from 21 to 39 days
(23 to 35 for all but two months). Secondly, Duffee (1996) has shown that the 1-month



Treasury Bill rate is an unreliable proxy for the short rate because it exhibits variations
unrelated to other 1-month rates or other similar-maturity Treasury Bill rates.

In the second part of this study we test the robustness of our conclusions using several
updated interest rates: the l-month Treasury Bill rate taken from the CRSP 12-month
Fama Treasury Bill File, the 3-month Treasury Bill rates taken from the CRSP 6-month
Fama Treasury Bill File, and the 1- and 3-month Eurodollar rates taken from the Federal
Reserve H15 Series. The Treasury series used in this part of the study cover the period June
1964 through December 1995; the Eurodollar rates cover the period January 1971 through
February 1997.

2.3 Model Estimation and Regime Shift Test

The models are estimated using Hansen’s (1982) generalized method of moments with the

following orthogonality conditions:

gt(e) = [€t7 € Te—1, Ty Th 7“t—1]/ (3)
Elg(0)] = 0,

where 0 = («, 3,0,7) and ¢ and 7, are defined in equations (1) and (2). An estimate of ¢

can be obtained by choosing 6 to minimize the quadratic

Jr(0) = gr(0) Wr(0) gr(0), (4)
where .
76) = 3 al6)

is the sample average of the realizations of g;, and W;(#) is a positive semi-definite weighting
matrix. Under the null hypothesis, for large T', the sample average gr will converge to zero

when evaluated at the true values of 6.

6The optimal weighting matrix is the inverse of the asymptotic covariance matrix:

S = Jlim T E{lgr(0)]lgr(0)]'}-



To test for regime shifts in the form of changes in the coefficients, the models are extended

as follows:

Ty —Ti—1 = (a + 51Dt) + (ﬁ + 52Dt)7"t71 + €

& = (0% +8&D)r Y oy,

where D; is an indicator variable. The ¢;’s measure the shift in the underlying parameters
during the alternative regime period. In replicating the CKLS study, D, is set to one begin-
ning in October 1979 and zero before then. For the alternative temporary regime definition,
D, is set to one from October 1979 through September 1982, corresponding to the period of
the Federal Reserve Experiment, and to zero both before and after that period. For exam-
ple, for models in which « is estimated (e.g., CIR-SR), the parameter value is « outside of
the regime shift period (prior to October 1979, or before October 1979 and after September
1982) and a + 9y during the shift. Where a model parameter is not freely estimated (e.g., v
in most models), the corresponding ¢; is fixed at zero.

To estimate the models, the following moment restrictions are used:

gt(e) = [Ety €t 7t—1, € Dy, € Dyme_1, My Mere—1, e Dy, e Dy 7"t—l]/ (5)
Elg(0)] = 0.

Formal tests for parameter shifts consist of running the various models, first in unre-

stricted form by estimating all relevant §;’s and then estimating the restricted versions (9;’s

Hansen (1982) shows that Wy can be consistently estimated by:

T

~1
%th(é)gt(é)/]

t—1

as long as 0 is a consistent estimate of 6 and the g:(0) is serially uncorrelated. However, because estimating
WT(é) requires an estimate of 6, an interative procedure must be used. Following Hansen (1982), we first
set Wy (0) to the identity matrix and estimate #° by minimizing gy (6) T gr(6). We then use 6° to compute
WT(éO). This estimate of the weighting matrix is then used in the final iteration to estimate 0.

Hamilton (1994, p. 413) discusses the advantages of repeating the process of re-estimating Wr(67) and
then computing 07+1 yntil the 0’s converge. However, the single-iteration solution has the same asymptotic
distribution, is commonly used, and produced solutions which tended to match those on CKLS (1992).



set to zero) using the weighting matrix from the unrestricted estimates (that is, not interating

to recompute W7). Following Newey and West (1987), the test statistic is

R=T[Jn(0) - Jr()], (6)

A ~

where Jp(0) is the unrestricted model’s objective function value and J;(0) is the restricted
model’s objective function value where the unrestricted model’s weighting matrix is used
in both cases.” Newey and West (1987) point out that this procedure is analogous to a
likelihood ratio test. Under the null hypothesis that the restrictions are not binding—in this
case that there is no regime (parameter) shift and the unrestricted d,’s are all statistically
indistinguishable from zero—the test statistic, R, has a y-squared distribution with degrees of
freedom equal to the number of restrictions (number of ¢;’s set to zero) under the alternative
hypothesis.

The order of testing is important. If a structural shift is suspected, as it is in this case
because of the Federal Reserve Experiment, prudence dictates that the issue of structural
stability be addressed before drawing conclusions from models estimated using the entire
sample period. The nature of the structural stability test used in CKLS (and here) is that
the null hypothesis is that there was no structural shift in parameter values. Thus, before
proceeding to estimate and analyze full-sample results, it behooves us to first fail to reject the
no-shift null hypothesis for plausible regime shifts (an unfortunately convoluted, if precise,
double-negative formulation of the issue at hand). One can always use a more aggressive
approach such as Hamilton switching regressions to search for any possible regime shift. But
as a minimum, where the existing literature points to a regime shift, one should in good
faith check the dates that have been so identified.

Because the other eight models are all nested within the general CKLS Model, the test
for a structural shift need only be applied to that model. If the test shows the existence of

parameter shifts (rejects the no-shift null) for the general model, it is necessarily the case

"Note that the “unrestricted” model may be a restricted version of the general CKLS model, equations (1
and 2), and the “restricted” version has the further restriction that all the ¢;’s are zero. For example, the
unrestricted Merton Model would have 4 free parameters (o, 02,81, and d3) while the restricted model has
only two (a, o?).



that a structural shift occurs for all restricted versions of that model. Restricting a model
cannot make it fit the data better than the unrestricted model in which it is nested.® If, on
the other hand, the test of the most general model fails to reject the no-shift null, we can then
ask whether any restricted, and hence more parsimonious, versions of the model will also fit
the data. Ceteris paribus, the interests of parsimony favor using the more restricted model
in such a case. If, however, a restricted model fits the data in the unconstrained (regime-
dummy coefficients free to vary) form and rejects the no-shift null (when the regime-dummy
coefficients are forced to zero) while the general model shows no evidence of a regime shift,
then the researcher is left to choose between the less parsimonious model with constant
parameters and the more parsimonious model with changing parameters. How to make
this choice is unclear since neither too many parameters nor too many parameter shifts are

desirable.

3 Empirical Results

3.1 Replicating CKLS Results

Table 1 presents the replication of CKLS basic model estimation results using the same data
series, time period, and estimation methods.” The results of these estimations lead to the

following conclusions:

1. When ~ is a free parameter, as in the CKLS and CEV Models, the estimated value of

v exceeds unity.

2. Models which set vs to be less than one, and in particular the CIR-SR Model, are

rejected.

8Sampling variation may occasionally cause rejection of the no-shift null for the general model but fail to
reject it for the restricted case. Such results are likely to be spurious and should be disregarded.

YAbsent having the same GAUSS code, we were not able to exactly match all coefficients. Where large
differences occur, they appear to result from a difference in scaling rather than an inherently different
solution. The salient features of levels of significance of the estimated parameters, model p-values and, most
importantly, v estimates, where applicable, are closely comparable. The notable exceptions are the value for
0?2 in the CEV Model, 0.5207(0.62) vice 0.1445(4.57) in CKLS, and the significance of the o2 coefficient in
the CKLS Model, 0.77 vice 5.69.



The result that v = 1.5 is the most widely cited conclusion of the CKLS paper.

Table 2 presents the replication of the CKLS regime shift test, with the additional infor-
mation that the unrestricted models’ x? statistics are shown as well. The regime definition
tested is pre- versus post-October 1979. The same three models that are rejected when esti-
mated over the entire sample period—Merton, Vasicek, and CIR-SR—are also rejected when
their parameters are permitted to shift during the second part of the sample period. While
CKLS do not discuss this point, models that are rejected in their unrestricted form should
not then be used to test for significance of restrictions on the dummy parameter coefficients.
Of the remaining six models, two reject the no-shift null hypothesis. These are the Dothan
and GBM Models, both of which set v = 1 as well as restrictions on other parameters. This
leaves the CKLS, Brennan-Schwartz, CIR-VR and CEV Models, all of which fail to reject
the data in their unrestricted forms (the CKLS Model is exactly identified and thus cannot
be rejected) and also fail to reject the no-shift null in the regime shift test. These models
are all characterized by v > 1. CKLS therefore conclude that “...there is no evidence of a
structural break in October 1979 for models that capture the dependence of the conditional
variance on the level of the interest rate” (p. 1222). These results strengthen the conclusions
drawn from the initial full-sample results.

Following the order of testing argued above we might conclude that the CKLS, Brennan-
Schwartz, CIR-VR, and CEV Models fit the data without evidence of a regime shift in the
parameter values. These are all characterized by high-v values. Proceeding to full-sample
analysis of these four models would therefore be appropriate. The only difference between
these results and those obtained by looking directly at the full-sample results is that we
would reject the other two high-v models: the Dothan and GBM. This difference would not
fundamentally undermine the conclusions drawn in CKLS: that there was no regime shift
and that only high-vy models can fit the time series of short-term interest rates.

So, aside from observing methodological niceties, does this really matter?

3.2 Re-Examining CKLS Conclusions

To see the effect of the methodological problem inherent in CKLS’ procedure, one must first

look at the choice of the regime period. The use of October 1979 to define a permanent

9



structural break is curious given the wide-spread economic and statistical evidence that the
structural break was temporary and ended in late 1982.1 We therefore repeat the above
analysis using the same methods, data, and sample period, but defining the structural break
period as running from October 1979 through September 1982. The results presented in
Table 3 lead to a very different conclusion. The CKLS Model rejects the no-shift null at
the 5% level. That is sufficient evidence of a structural break, and therefore sufficient to
invalidate analysis of full-sample estimations.!!

It is interesting to examine the CIR-VR Model. Looking only at the shift test results,
as CKLS do (they do not present the unrestricted model y-squared statistics), one might

(43

conclude that this model is able to “...capture the dependence of the conditional variance
on the level of the interest rate” (p. 1222) because the no-shift null is not rejected in this
instance. But this model is rejected in its unrestricted form and so cannot be used to form
a judgment concerning the structural shift.

Given the evidence from the CKLS model that there was a structural shift from October
1979 through September 1982, we next examine whether any of the restricted variants of the
CKLS Model are able to fit the data. Two models, the CIR-SR and Brennan-Schwartz Mod-
els, are not rejected in their unrestricted forms, when their parameter values are permitted
to change. These models set v = 0.5 and 1, respectively. If we look at the v values in the
unrestricted CKLS Model, we find v = 0.95 outside the temporary structural shift period
and v = 0.33 within the shift period, although this latter result is of doubtful statistical
significance. With the structural shift period defined as October 1979 through September
1982, most of the high-y models, including the CIR-VR which forces v = 1.5, are rejected.

So are the constant volatility Merton and Vasicek Models.

These results turn CKLS on its head. With the clear evidence of a structural shift,

0Hamilton (1988), Duffee (1993), Cai (1994), Koedijk, Nissen, Schotman, and Wolff (1996), and Sanders
and Unal (1988), all find evidence of a temporary regime shift roughly coincident with the Federal Reserve
Experiment of October 1979 to fall 1982. Earlier studies, such as Huizinga and Miskin (1984) and Campbell
(1987), did not check for an end to the Federal Reserve Experiment period, perhaps because they did not
have sufficient post-1982 data. Ball and Torous (1994) find evidence of a single structural shift at October
1979 (contradicting the CKLS finding), but did not examine the possibility that the shift was temporary.

UThe failure of the CKLS model to reject the no-shift null for the permanent regime shift definition is
immaterial. The assumption underlying full-sample analysis is that the structural stability holds for all
possible regime definitions.

10



analysis of models based on estimates over the entire June 1964 through December 1989
period are mis-specified. Furthermore, it is moderate-y models, and notably the CIR-SR
Model, that fit the data when parameter shifts are permitted.

We next test the robustness of this result to changes in short-rate series, period covered,

and possible outliers.

3.3 Robustness of Regime Shift Test

We begin by identifying observations which may unduly influence our finding of a regime
shift. For brevity we restrict the investigation to the CKLS Model since it is this model
which establishes the existence of the structural shift. Again, because our conclusions are
critical of the original CKLS findings, we apply the test to their data set.

One method of identifying potential influential outliers is cross-validation. Cross-validation
involves dropping an observation from the underlying data set and then re-estimating the
model and recording the parameter estimates. The dropped observation is then replaced and
the next observation taken out. The process is repeated, producing a time-series of parameter
estimates corresponding to the time-series of omitted observations. The four cross-validated
parameters for the CKLS Model, using the full sample period, are plotted in Figure 2 by the
solid lines. Two conclusions may be drawn. Firstly, there is near perfect positive correlation
between the parameter estimates for o and ~ and negative correlation between the parameter
estimates for o and 3. This strong correlation suggests that some caution is needed when
interpreting the values of individual coefficients, for instance . Secondly, a single observa-
tion, March 1980, accounts for much of the high-v conclusion reached in the original CKLS
paper. Dropping that single observation produces an estimate of v = 1.23, which is not
statistically different from unity. Repeating the cross-validation process for the remaining
observations, with March 1980 permanently excluded, produces the dotted line in Figure 2.
There is no evidence in this series of an additional observation likely to seriously impact the
parameter estimates and hence our tests for a regime shift.

To examine whether our earlier conclusion that there was a temporary regime shift might
be due to this single March 1908 observation, we repeat the regime shift test for the CKLS

model with and without the March 1980 observation included in the sample. The results
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are presented in Table 4. In this case we present the restricted (full sample) as well as
unrestricted model (structural shift) parameter estimates. These are for comparison with
the original CKLS full-sample results only, but are statistically meaningless unless the no-
shift null is not rejected. With the potentially anomalous March 1980 observation included,
we reject the no-shift null as before. The (essentially meaningless) restricted model point
estimate of v is 1.22. This differs from the estimate in Table 1 because equation (5) was
used to define the orthogonality conditions instead of equation (3). Furthermore, the CKLS
model estimated using equation (3) is exactly identified and so cannot be rejected. When
estimated in restricted form, using equation (5), the identical model is over identified and
thus capable of being rejected, which it is. When March 1980 is dropped from the sample, the
same qualitative results obtain: the restricted model is rejected, the no-shift null hypothesis
is rejected, and the estimate of v is 0.95 outside the Federal Reserve Experiment period and
-0.2233 (insignificantly different from zero) during the experiment. We conclude, therefore,
that our earlier results are not due solely to the outlier.

The second source of potential problem in our analysis is the data set used. Criticisms of
the 1-month T-Bill rate drawn from the 12-month T-Bill file were noted above. We therefore

repeat our analysis using several alternative data sets:
e The same 1-month Treasury Bill series updated through December 1995,

e The 3-month Treasury Bill series which Duffee (1996) found to be free of the idiosyn-

cratic variation found in the 1-month series,

e The 1-month FEurodollar series which Duffee recommended as an alternative to the

1-month Treasury Bill series, and
e The 3-month Eurodollar series (for no particular reason).

For each of these series, the above tests for a temporary October 1979 through September
1982 regime shift were repeated both with and without the suspect March 1980 observation.
Then, conditional on evidence of a shift being found for the CKLS Model, the restricted
variants were tested to see if they could fit the data. The temporary-regime-shift test results

for the 1-month Eurodollar rate are presented in Table 5. Again the presence of a structural

12



break is established for the CKLS model. The CIR-SR, Brennan-Schwartz, and in this case
the Dothan models all fail to reject in their unrestricted form and reject the no-shift null
when the regime dummies are forced to zero. Again no model which fits the data fails to
reject the no-regime null. Fixed-y models which fit the data have v = 0.5 or 1. Where ~
is free to vary we obtain estimates close to unity outside the Federal Reserve Experiment
period and below unity during the experiment.

Table 6 presents summaries of the temporary regime shift tests applied to all four data
sets. The first result noted above, that there was a regime shift, is supported by all four
data series. Dropping the March 1980 observation does not change this result. Thus we may
conclude that the presence of the shift is robust, at least to models of the CKLS form. The
second result, that moderate-v models also fit the data and that high- and low-y models do
not, is generally, but not invariably, supported. In all cases the constant-volatility Merton
and Vasicek Models are rejected. Similarly, the CEV Model is always rejected. For the two
1-month interest rate series, the CIR-SR Model is not rejected whether or not March 1980 is
dropped, but for the 3-month Treasury Bill series it is rejected if that observation is omitted.
For the 3-month Eurodollar series, the CIR-SR Model is always rejected. The Brennan-
Schwartz Model is not rejected for the two Eurodollar series, and for the two Treasury series
is only rejected if the March 1980 observation is omitted. The Dothan Model is not rejected
for the two Eurodollar series and is always rejected for the Treasury series. One anomalous
result is the non-rejection of the CIR-VR Model and the non-rejection of the associated no-
shift null when using the 3-month Eurodollar rate. Since the existence of the shift is firmly
established by the more general CKLS model within which the CIR-VR model is nested,

and since this result is not repeated on other data sets, we are inclined to discount it.

4 Summary and Conclusions

This paper has argued that model selection and parameter stability are closely linked. We
have shown this connection in a careful re-examination of the Chan, Karolyi, Longstaff,
and Sanders (1992) paper. For instance, a widely cited conclusion of their paper is that

elasticity of interest rate volatility parameter v is 1.5. This result depended crucially on a
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mis-specification of the period during which the interest rate process changed in response to
a temporary change in how the Federal Reserve implemented monetary policy. Defining the
structural shift as coincident with this policy shift, we find that there is strong evidence in
the interest rate data of a structural break. This result is robust to both changes in short-
rate series and to the most influential outlier. Furthermore, we find evidence that, contrary
to CKLS’ claim, a moderate-vy interest rate process can capture the dependence of volatility
on the level of interest rates while high-y models cannot. This result is reasonably robust to
changes in the short rate used and the treatment of outliers. In particular, this study finds
support for the square-root CIR process, at least amongst the class of single-factor diffusion
processes and for 1-month interest rates. There is no support for constant volatility models
in either CKLS or this study.

These conclusions apply only to the class of models studied in this paper. It may well be
the case that when other interest rate models, such as ARCH processes or jump-diffusions,
are applied, the apparent structural break will be found not to be significant. So long as
this result can be reasonably shown to result from the superior structure of the model and
not simply a comparative lack of power, we would be inclined to prefer such a process (if
reasonably parsimonious) to one that required a relatively ad hoc, even if economically well-
founded, parameter shift to fit the data. In the meantime, users of diffusions processes, and
probably other models as well, need to be aware of the potential for incorrect inferences when
their estimation period spans this crucial period. Finally, modelers of interest rate processes
can take comfort from knowing that the required link between interest rate volatility and
levels is not so high as to produce troubling econometric and economic questions regarding

stationarity.
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Table 1: Interest Rate Models Fitted to 1-Month Treasury Bill Rate

2

X

Model a I&; o? v (p-value)
CKLS 0.4802 —0.5921 0.1671 1.4999
( 1.85) (—1.55) ( 5.69) ( 5.95)

Merton 0.0053 0.0 0.0004 0.0 7.2824

( 1.39) ( 6.31) (0.0262)

Vasicek 0.1550 0.1794 0.0418 0.0 8.9828

( 0.76) ( 0.50) ( 6.22) (0.0027)

CIR-SR 0.1864 —0.2280 0.0738 0.5 6.4445

( 0.92) (—0.65) (7.24) (0.0111)

Dothan 0.0 0.0 0.1176 1.0 5.6871

( 7.89) (0.1279)

GBM 0.0 0.0997 0.1189 1.0 3.5362

( 1.48) ( 7.94) (0.1707)

Brennan-Schwartz 0.2670 —0.3578 0.1186 1.0 2.6441

( 1.32) (—1.01) ( 8.01) (0.1039)

CIR-VR 0.0 0.0 0.1581 1.5 6.1199

( 8.01) (0.1059)

CEV 0.0 0.1026 0.1445 1.2867 3.1138

(1.77) (457 (422)  (0.0776)

e Data consist of monthly observations of the 1-Month T-Bill rate for the period June
1964 through December 1989, a total of 306 observations after differencing.

e Numbers in parentheses below the parameter estimates are the asymptotic t-statistics.

e Fixed parameters which define the different models are indicated by the absence of
associated t-statistics.

e x?> = T Jp is the Value of the Objective Function, Jr (see eq. 3), scaled to have an
asymptotic y? distribution. The corresponding p-values are shown in parentheses.



Table 2: Tests for Permanent Regime Shift at October 1979 in the 1-Month T-Bill Rate

Unrestricted Models (parameter shift permitted) Shift Test
System Parameters Dummy Parameters x2-stat. R-stat.
« I6} o2 ~y 01 O d3 04 p-value d.f. p-value d.f
CKLS
0.0174 —0.2213 1.3846 1.4808 0.0608 —0.7514 —0.2082 —0.0641 2.1928 4
(0.86) (—0.53) (0.47) (4.03) (1.18) (—0.99) (-0.06) (—0.12) (0.7003)
Merton
0.0070 0.0 0.0002 0.0 —0.0021 0.0 0.0006 0.0 9.6594 4 13.8137 2
(1.93) (6.82) (—0.21) (3.66) (0.0466) (0.0010)
Vasicek
—0.0014 0.1708 0.0002 0.0 0.0243 —0.4167 0.0006 0.0 9.6064 2 141989 3
(-0.07) (0.45) (6.82) (0.53) (-—0.61) (3.61) (0.0082) (0.0026)
CIR-SR
0.0018  0.1081 0.0042 0.5 0.0337 —0.5119 0.0073 0.0 6.2676 2 11.5948 3
(0.10) (0.29) (5.52) (0.73)  (=0.76) (3.27) (0.0436) (0.0089)
Dothan
0.0 0.0 0.0783 1.0 0.0 0.0 0.0655 0.0 74548 6 58474 1
(7.62) (2.42) (0.2808) (0.0156)
GBM
0.0 0.1390 0.0821 1.0 0.0 —0.0864 0.0638 0.0 3.6963 4 65789 2
(1.89) (7.71) (—0.61) (2.30) (0.4487) (0.0373)

Brennan-Schwartz
0.0080 —0.0226 0.0827 1.0 0.0477 —0.6444 0.0678 0.0 2.0480 2 6.5176 3

(0.44)  (-0.06) (7.92) (1.04) (-0.96) (2.41) (0.3592) (0.0890)
CIR-VR
0.0 0.0 14394 1.5 0.0 0.0 0.1574 0.0 71371 6 02264 1
(7.97) (0.48) (0.3084) (0.6342)
CEV
0.0 0.1311  0.4910 1.3055 0.0 —-0.0796 -0.2301 -0.1876 3.1927r 2  1.6357 3
(1.77)  (0.43) (3.27) (—0.56) (—0.18) (—0.32) (0.2026) (0.6513)

e Data consist of monthly observations of the 1-Month T-Bill rate for the period June 1964
through December 1989, a total of 306 observations.

o Numbers in parentheses below the parameter estimates are the asymptotic t-statistics.
e Fixed parameters which define the different models have no associated t-statistics.

e x? = T Jp is the Value of the Objective Function, J (see eq. 3), scaled to have an asymptotic
x? distribution. The corresponding p-values are shown in parentheses.

e R-statistic = is the test statistic for no-shift null hypothesis (see eq. 4). The corresponding
p-values are shown in parentheses.



Table 3: Tests for Temporary Regime Shift from October 1979 through September 1982
using the 1-Month T-Bill Rate

Unrestricted Models (parameter shift permitted) Shift Test
System Parameters Dummy Parameters x2-stat. R-stat.
a Jé; o? v 5 3o 3 34 p-value d.f. p-value d.f.
CKLS
0.0262 —0.4340 0.0707 0.9478 0.2934 —2.3460 —0.0554 —0.6156 10.6647 4
(2.39) (-2.02) (0.70) (3.82) (1.66) (—1.53) (—0.50) (—0.87) (0.0306)
Merton
0.0053 0.0 0.0002 0.0 —0.0009 0.0 0.0027 0.0 10.8903 4 21.4478 2
(1.77) (7.43) (—0.03) (4.63) (0.0278) (0.0000)
Vasicek
0.0099 —0.0929 0.0002 0.0 0.2949 —2.4829 0.0031 0.0 8.3868 2 24.48387 3
(1.04) (=0.51) (7.51) (1.65) (-1.63) (4.14) (0.0151) (0.0000)
CIR-SR
0.0175 —0.2452 0.0050 0.5 0.3039 —2.5942 0.0275 0.0 2.6490 2 223723 3
(1.81) (—1.34) (8.21) (1.69) (—1.67) (3.85) (0.2659) (0.0001)
Dothan
0.0 0.0 0.0856 1.0 0.0 0.0 0.1343 0.0 127739 6 6.2072 1
(7.90) (2.49) (0.0468) (0.0127)
GBM
0.0 0.0446 0.0864 1.0 0.0 —0.2276  0.1392 0.0 114228 4 7.3093 2
(0.79) (7.85) (-0.76)  (2.61) (0.0222) (0.0259)

Brennan-Schwartz
0.0272 —0.4555 0.0954 1.0 0.2983 —2.5504 0.1861 0.0 0.9473 2 9.4969 3

(2.70) (—2.38) (8.34) (1.66) (—1.65) (2.56) (0.6227) (0.0234)
CIR-VR
0.0 0.0 12881 1.5 0.0 0.0 0.5436 0.0 20.7926 6  1.3684 1
(7.44) (1.17) (0.0020) (0.2421)
CEV
0.0 0.0620 0.0141 0.6834 0.0 —0.1302 —-0.0078 —0.5054 8.4545 2 10.1423 3
(1.06)  (0.59) (2.36) (—0.41) (-0.24) (—0.63) (0.0146) (0.0174)

e Data consist of monthly observations of the 1-Month T-Bill rate for the period June 1964
through December 1989, a total of 306 observations.

e Numbers in parentheses below the parameter estimates are the asymptotic {-statistics.

e Fixed parameters which define the different models are indicated by the absence of associated
t-statistics.

e x? = T Jp is the Value of the Objective Function, J (see eq. 3), scaled to have an asymptotic
x? distribution. The corresponding p-values are shown in parentheses.

e R-statistic = is the test statistic for no-shift null hypothesis (see eq. 4). The corresponding
p-values are shown in parentheses.



Table 4: Another Test for Temporary Regime Shift from October 1979 through September
1982 using the 1-Month T-Bill Rate

Shift Test
System Parameters Dummy Parameters x?-stat. R-stat.
a 3 o? ~ & 5o 53 84 pvalue d.f. pvalue d.f.
All Observations
Unrestricted CKLS Model (parameter shift permitted)
0.0262 —0.4340 0.0707 0.9478 0.2934 —2.3460 —0.0554 —0.6156 10.6647 4
(2.39) (—2.02) (0.70) (3.82) (1.66) (—1.53) (—0.50) (—0.87) (0.0306)
Restricted CKLS Model (parameter shift not permitted)
0.0303 —0.5187 0.3674 1.2292 10.6647 4
(2.99) (—2.66) (1.03) (7.01) (0.0306)
March 1980 Dropped
Unrestricted CKLS Model (parameter shift permitted)
0.0262 —0.4340 0.0707 0.9478 0.2026 —1.4343 —-0.0696 —1.1711 122179 4
(2.39) (—2.02) (0.70) (3.82) (1.32) (-1.12) (-0.69) (—2.41) (0.0158)
Restricted CKLS Model (parameter shift not permitted)
0.0256 —0.4158 0.1899 1.1144 12.2179 4
(2.70)  (=2.32) (1.21) (7.44) (0.0158)

e Data consist of monthly observations of the 1-Month T-Bill rate for the period June 1964
through December 1989, a total of 306 observations.

e Numbers in parentheses below the parameter estimates are the asymptotic {-statistics.

e Fixed parameters which define the different models are indicated by the absence of associated

t-statistics.

o x? =T Jr is the Value of the Objective Function, Jr (see eq. 3), scaled to have an asymptotic
x? distribution. The corresponding p-values are shown in parentheses.

e R-statistic = is the test statistic for no-shift null hypothesis (see eq. 4). The corresponding
p-values are shown in parentheses.



Table 5: Tests for Temporary Regime Shift from October 1979 through September 1982
using the 1-Month Eurodollar Rate

Unrestricted Models (parameter shift permitted) Shift Test
System Parameters Dummy Parameters x?2-stat. R-stat.
a Jé; o? v 0 3o 3 04 p-value d.f. p-value d.f.
CKLS
0.0221 —0.3103 0.0280 0.8298 0.4020 —2.5656 0.0630 —0.0324 13.5537 4
(1.88) (-1.67) (0.75) (3.23) (2.53) (—2.18) (0.23) (—0.04) (0.0089)
Merton
0.0060 0.0 0.0003 0.0 0.0318 0.0 0.0027 0.0 21.2081 4 10.0145 2
(1.77) (5.24) (0.87) (2.77) (0.0003) (0.0067)
Vasicek
0.0231 —-0.2694 0.0003 0.0 0.3509 —2.1908 0.0029 0.0 15.3319 2 16.1470 3
(1.96) (—1.44) (5.43) (2.24) (-1.93) (2.97) (0.0005) (0.0011)
CIR-SR
0.0253 —0.3269 0.0050 0.5 0.3842 —2.4158 0.0213 0.0 2.9909 2 16.3253 3
(2.19) (-1.76) (6.55) (2.39) (—2.07) (2.99) (0.2241) (0.0010)
Dothan
0.0 0.0 0.0615 1.0 0.0 0.0 0.1077 0.0 10.9633 6 5.2377 1
(5.94) (2.29) (0.0895) (0.0221)
GBM
0.0 0.0227 0.0618 1.0 0.0 0.1343  0.1015 0.0 10.3844 4 5.1661 2
(0.42)  (5.93) (0.49) (—2.15) (0.0344) (0.0755)

Brennan-Schwartz
0.0197 —0.2852 0.0653 1.0 0.4152 —2.7068 0.1455 0.0 0.6025 2 135545 3

(1.76) (—1.56) (6.21) (2.60) (—2.35) (2.63) (0.7399) (0.0036)
CIR-VR
0.0 0.0 0.7339 1.5 0.0 0.0 0.4838 0.0 12.8745 6 1.6919 1
(5.27) (1.30) (0.0451) (0.1933)
CEV
0.0 0.0258 0.0566 0.9797 0.0 0.1206 —0.0063 —0.2636 9.7932 2  4.7479 3
(0.47)  (0.70) (3.53) (0.44)  (-0.03) (—0.27) (0.0075) (0.1912)

e Data consist of monthly observations of the 1-Month Eurodollar rate for the period January
1971 through February 1997, a total of 313 observations.

e Numbers in parentheses below the parameter estimates are the asymptotic {-statistics.

e Fixed parameters which define the different models are indicated by the absence of associated
t-statistics.

o x? =T Jy is the Value of the Objective Function, J7 (see eq. 3), scaled to have an asymptotic
x? distribution. The corresponding p-values are shown in parentheses.

e R-statistic = is the test statistic for no-shift null hypothesis (see eq. 4). The corresponding
p-values are shown in parentheses.



Table 6: Tests for Temporary Regime Shift from October 1979 through September 1982
using Various Data Sets

No Observations Dropped March 1980 Dropped
Unrestricted  “No Shift” Unrestricted “No Shift”
Model Model Test Test Model Test Test
1-Month Treasury Bill from 12-month Fama File (Jun’64 through Dec’95)
CKLS N/A Rejected N/A Rejected
Merton Rejected N/A Rejected N/A
Vasicek Rejected N/A Rejected N/A
CIR-SR OK Rejected OK Rejected
Dothan Rejected N/A Rejected N/A
GBM Rejected N/A Rejected N/A
Brennan-Schwartz OK Rejected Rejected N/A
CIR-VR Rejected N/A Rejected N/A
CEV Rejected N/A Rejected N/A
3-Month Treasury Bill from 6-month Fama File (Jun’64 through Dec’95)
CKLS N/A Rejected N/A Rejected
Merton Rejected N/A Rejected N/A
Vasicek Rejected N/A Rejected N/A
CIR-SR OK Rejected Rejected N/A
Dothan Rejected N/A Rejected N/A
GBM Rejected N/A Rejected N/A
Brennan-Schwartz OK Rejected Rejected N/A
CIR-VR Rejected N/A Rejected N/A
CEV Rejected N/A Rejected N/A
1-Month Eurodollar rate from monthly H15 series (Jan’71 through Feb’97)
CKLS N/A Rejected N/A Rejected
Merton Rejected N/A Rejected N/A
Vasicek Rejected N/A Rejected N/A
CIR-SR OK Rejected OK Rejected
Dothan OK Rejected OK Rejected
GBM Rejected N/A Rejected N/A
Brennan-Schwartz OK Rejected OK Rejected
CIR-VR Rejected N/A Rejected N/A
CEV Rejected N/A Rejected N/A
3-Month Eurodollar rate from monthly H15 series (Jan’71 through Feb’97)
CKLS N/A Rejected N/A Rejected
Merton Rejected N/A Rejected N/A
Vasicek Rejected N/A Rejected N/A
CIR-SR Rejected N/A Rejected N/A
Dothan OK Rejected OK Rejected
GBM Rejected N/A Rejected N/A
Brennan-Schwartz OK Rejected OK Rejected
CIR-VR OK OK OK OK
CEV Rejected N/A Rejected N/A

e The unrestricted model (parameters free to shift during alternative regime) is estimated first.
Since the CKLS Model is exactly identified, the test has no meaning (N/A) in this case.

e If the model is not rejected (OK), the no-shift hypothesis test is performed. If the unrestricted
model is rejected, the no-shift test is inappropriate (N/A).



Figure 1a: 1-Month T-Bill Rate
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Figure 1b: Absolute Changes in 1-Month T-Bill Rate
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Figure 2: CKLS Model Cross-Validation Results
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