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Abstract: This paper studies some seemingly anomalous results that arise in possibly misspecified and
unidentified linear asset-pricing models estimated by maximum likelihood and one-step generalized
method of moments (GMM). Strikingly, when useless factors (that is, factors that are independent of
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tests for correct model specification have asymptotic power that is equal to the nominal size. In other
words, applied researchers will erroneously conclude that the model is correctly specified even when
the degree of misspecification is arbitrarily large. We also derive the highly nonstandard limiting
behavior of these invariant estimators and their t-tests in the presence of identification failure. These
results reveal the spurious nature of inference as useless factors are selected with high probability,
while useful factors are driven out from the model. The practical relevance of our findings is
demonstrated using simulations and an empirical application.
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1 Introduction and Motivation

The search for (theoretically justified or empirically motivated) risk factors that improve the pric-
ing performance of various asset-pricing models has generated a large, and constantly growing,
literature in financial economics. A typical empirical strategy involves the development of a struc-
tural asset-pricing model and the evaluation of the pricing ability of the proposed factors in the
linearized version of the model using actual data. The resulting linear asset-pricing model can be
estimated and tested using a beta representation or, alternatively, using a linear stochastic dis-
count factor (SDF) representation. Given the appealing efficiency and invariance properties of the
maximum likelihood (ML) and continuously-updated generalized method of moments (CU-GMM)
estimators,! it seems natural to opt for these estimators when conducting statistical inference (es-
timation, testing, and model evaluation) in these linear asset-pricing models. It is often the case
that a high correlation between the realized and fitted expected returns (in the beta representation
framework) or statistically small model pricing errors (in the SDF framework) appear to be suffi-
cient for the applied researcher to conclude that the model is well specified and proceed with testing
for statistical significance of the risk premium parameters using the standard tools for inference.
Many asset-pricing studies have followed this empirical strategy and collectively, the literature has
identified a large set of macroeconomic and financial factors (see Harvey, Liu, and Zhu, 2013) that
are believed to explain the cross-sectional variation of various portfolio returns, such as the returns

on the 25 Fama-French size and book-to-market ranked portfolios.

Despite these advances in the asset-pricing literature, two observations that consistently emerge
in empirical work might call for a more cautious approach to statistical validation and economic
interpretation of asset-pricing models. First, all asset-pricing models should be viewed only as ap-
proximations to reality and, hence, potentially misspecified. There is plenty of empirical evidence,
mainly based on non-invariant estimators, which suggests that the asset-pricing models used in
practice are misspecified. This raises the concern of using standard errors, derived under the as-
sumption of correct model specification, that tend to underestimate the degree of uncertainty that
the researcher faces. Second, the macroeconomic factors in several asset-pricing specifications tend

to be only weakly correlated with the portfolio returns. As a result, it is plausible to conjecture

!See Shanken and Zhou (2007) and Pefiaranda and Sentana (2014) for some recent results on the ML and CU-GMM
estimators, respectively, for asset-pricing models.



that many of these macroeconomic factors may be irrelevant for pricing and explaining the cross-
sectional variation of stock returns. Importantly, the inclusion of useless factors (that is, factors
that are independent of the returns on the test assets) leads to serious identification issues regarding
the parameters associated with all risk factors and gives rise to a non-standard statistical infer-
ence. In a recent paper, Gospodinov, Kan, and Robotti (2014a) analyze the detrimental effects of
misspecification and factor irrelevance (lack of identification) in estimation, testing, and evaluation
of asset-pricing models using the Hansen and Jagannathan (HJ, 1997) distance. In this study, we
show that the use of optimal and invariant estimators does not alleviate these inference problems

and, somewhat surprisingly, makes them substantially worse.
The invariant (ML and CU-GMM) estimators considered here have a generic form
6 = argming g(6)' W (6)~'g(0), (1)

with model-implied choices of moment conditions §(6), a weighting matrix W(6), and a parame-
ter vector of interest . This objective function makes the resulting estimator invariant to data
scaling, reparameterizations and normalizations, curvature-altering and stationarity-inducing trans-
formations, etc. (Hall, 2005). Under standard regularity conditions (that include global and local
identification as well as correct model specification), these invariant estimators are asymptotically
well-behaved and efficient. However, we show in this paper that in the presence of lack of identifi-
cation and model misspecification, the tests based on these estimators could be highly misleading.
In summary, we argue that the standard inference procedures based on the ML and CU-GMM
estimators lead to spurious results that suggest that the model is correctly specified and the risk
premium parameters are highly significant (that is, the risk factors are priced) when, in fact, the
model is misspecified and the factors are irrelevant. The distorted nature of these results bears
strong similarities to spurious regressions with nonstationary data (Granger and Newbold, 1974,
among many others). Phillips (1989) makes an analogous observation regarding the estimators
in partially identified (albeit correctly specified) linear structural models and time series spurious
regressions. Phillips (1989, p. 201) points out that “both regressions share a fundamental inde-
terminacy” due to a contaminated signal arising from either lack of identification or strength of
the noise component. We show that allowing for model misspecification further exacerbates the

spuriousness of the results and renders them completely unreliable.

To illustrate the seriousness of the problem, we report some representative empirical results



from four popular asset-pricing models. The test asset returns are the monthly gross returns on
the widely used value-weighted 25 Fama-French size and book-to-market ranked portfolios from
February 1959 until December 2012.2 The first model is the static capital asset-pricing model
(CAPM) with the market return (the return on the value-weighted NYSE-AMEX-NASDAQ stock
market index in excess of the one-month T-bill rate, vw) as a risk factor. The second model is
the three-factor model (FF3) of Fama and French (1993) with (i) the market excess return (vw),
(ii) the return difference between portfolios of stocks with small and large market capitalizations
(smb), and (iii) the return difference between portfolios of stocks with high and low book-to-
market ratios (hml) as risk factors. It should be noted that all of these risk factors are traded
and exhibit a relatively high correlation with the 25 Fama-French portfolio returns. The last two
models are models with macroeconomic factors: the model (C-LAB) proposed by Jagannathan
and Wang (1996) which, in addition to the market excess return, includes the growth rate in per
capita labor income (labor) and the lagged default premium (prem, the yield spread between Baa
and Aaa-rated corporate bonds) as risk factors; and the model (CC-CAY) proposed by Lettau
and Ludvigson (2001) with risk factors that include the growth rate in real per capita nondurable
consumption (cg), the lagged consumption-aggregate wealth ratio (cay), and an interaction term

between these two factors (cg - cay).

| Table I about here |

The SDF and beta representations of the four asset-pricing models are estimated by CU-GMM
and ML, respectively. Table I reports results from the invariant tests of correct model specifi-
cation (Hansen, Heaton, and Yaron’s (1996) over-identifying restrictions test, J, for CU-GMM
and Shanken’s (1985) Wald-type test, S, for ML), the ¢-statistics for each factor computed using
standard errors that assume correct model specification, as well as the pseudo-R?s from regressing
fitted expected returns on average returns. In addition, we include rank tests to determine whether

the asset-pricing models are properly identified,? and two popular specification tests based on non-

2The results that we report in this section are largely unchanged when we augment the 25 Fama-French portfolio
returns with additional test asset returns (for example, the 17 Fama-French industry portfolio returns) as recom-
mended by Lewellen, Nagel, and Shanken (2010).

3In the SDF framework, we use the rank test of Cragg and Donald (1997) to assess whether the second moment
matrix of the returns and the factors is of reduced rank. In the beta-pricing framework, we employ the rank test of
Cragg and Donald (1997) to test whether the matrix of multivariate betas has a reduced rank. The details of the
Cragg and Donald (1997) test in the beta-pricing framework can be found in Kan and Robotti (2012).



invariant estimators (the HJ-distance test and the generalized least squares (GLS) cross-sectional
regression test of Shanken, 1985). Figures 1 and 2 visualize the cross-sectional goodness-of-fit of
the models by plotting average realized returns versus fitted (by CU-GMM and ML, respectively)

expected returns from each model.

‘F igures 1 and 2 about here‘

The results are striking. The models that contain factors that are only weakly correlated with
the test asset returns (C-LAB and CC-CAY) exhibit an almost perfect fit. The specification tests
based on the invariant estimators cannot reject the null of correct specification, which suggests that
the models are well specified and one could proceed with constructing significance tests based on
standard errors derived under correct model specification. These t-tests indicate that the proposed
macroeconomic factors (labor growth and default premium in C-LAB and the interaction term in
CC-CAY, for example) are highly statistically significant. Interestingly, benchmark models such as
CAPM and FF3 do not perform nearly as well according to these statistical measures. The tests
for correct model specification based on CU-GMM and ML suggest that both of these models are
rejected by the data, and their associated pseudo-R2s are 0.1999 and 0.7847 for CU-GMM, and
0.1346 and 0.7677 for ML, respectively.

In this paper, we show that, due to the combined effect of identification failure and model
misspecification, the results for C-LAB and CC-CAY can be spurious. While some warning signs
of these problems are already present in Table I, they are often ignored by applied researchers.
For example, the rank tests provide strong evidence that C-LAB and CC-CAY are not identified,
which violates the regularity conditions for consistency and asymptotic normality of the ML and
CU-GMM estimators. Furthermore, the HJ-distance and GLS cross-sectional regression tests, that
we show to possess much higher power than the J and S tests in the presence of identification

failure, point to severe misspecification of all the considered asset-pricing models.

Another interesting observation that emerges from these results is that the factors with low
correlations with the returns tend to drive out the factors that are highly correlated with the
returns. For example, the highly significant market factor in CAPM turns insignificant with the
inclusion of the labor growth and default premium in the C-LAB model. To further examine this

point, we simulate data for the returns on the test assets and the market factor from a misspecified



model that is calibrated to the CAPM as estimated in Table I (for more details on the simulation
design, see Section 5 below). With a sample size of 600 time series observations, the rejection
rate (at the 5% significance level) of the t-test (based on the CU-GMM estimator) of whether
the market factor is priced or not is 93.6%, while the test for correct model specification rejects
the null of correct specification 100% of the time. In sharp contrast, when a completely useless
factor (generated as an independent standard normal random variable) is included in the model,
the rejection rate of the t-test for the market factor drops to 9.5% and the specification test rejects
the null of correct specification only 4% of the time. Strikingly, the rejection rate of the ¢-test for
the useless factor is 100%. This example clearly illustrates the severity of the problem and the
perils for inference based on invariant tests in unidentified models. In summary, an arbitrarily poor
model with factors that are independent of the test asset returns would be deemed to be correctly

specified with a spectacular fit and priced risk factors.

In addition to identifying a serious problem with invariant tests of asset-pricing models, our
paper also provides a number of theoretical contributions. First, we demonstrate the numerical
equivalence of the invariant (ML and CU-GMM) and rank restriction frameworks for estimation
and model specification testing. This equivalence proves to be useful from both a computational
and a statistical inference perspective. For instance, it allows us to show that, under model misspec-
ification and rank deficiency, the specification tests have power that is equal to their size. Second,
we characterize the limiting behavior of the invariant estimators and their ¢-statistics under model
misspecification and identification failure. While we show that all estimators are inconsistent and
asymptotically non-normal, the estimates associated with the factors that cause the rank deficiency
diverge at rate root-1" and the t¢-tests have a bimodal and heavy-tailed distribution. The explosive
behavior of the estimates on the useless factors tends to dominate and forces the goodness-of-fit

statistic to approach one.

Finally, it is useful to position our results in the existing literature. In the statistics and
econometrics literature, the analysis of rank restrictions, model under-identification, and inference
under model misspecification has generated substantial interest since the seminal work of Ander-
son (1951), Koopmans and Hood (1953), and Maasoumi and Phillips (1982), respectively. We
contribute to this literature by developing the appropriate limiting theory for invariant estimators

and reduced rank tests in unidentified and possibly misspecified models. On the other hand, some



of the recent asset-pricing studies have also expressed concerns about the appropriateness of the
pseudo-R? as a reliable goodness-of-fit measure. In models with excess returns and under some
particular normalizations of the SDF, Burnside (2012) derives a similar behavior of the goodness-
of-fit statistic for non-invariant GMM estimators. This result, however, is normalization and setup
specific and alternative normalizations or models based on gross returns render the non-invariant
estimators immune to the perfect fit problem. Furthermore, Kleibergen and Zhan (2013) show
that a sizeable unexplained factor structure (generated by a low correlation between the observed
proxy factors and the true unobserved factors) in a two-pass cross-sectional regression framework
can also produce spuriously large values of the ordinary least squares (OLS) R? coefficient. Their
results complement the findings of Lewellen, Nagel, and Shanken (2010) who criticize the use of the
OLS R? coefficient by showing that it provides an overly positive assessment of the performance
of the asset-pricing model. Despite the suggestive nature of these findings, model evaluation tests
based on non-invariant estimators, which are the focus of the analysis in these studies, tend to be
relatively robust to lack of identification as we show later in the paper. In contrast, for invariant
estimators in unidentified asset-pricing models, the spurious perfect fit is pervasive regardless of
the model structure (gross or excess returns), estimation framework (SDF or beta pricing), and

chosen normalization.

The rest of the paper is organized as follows. Section 2 introduces the main notation and assump-
tions. Section 3 studies the limiting behavior of the parameter estimates, t-statistics, goodness-of-fit
measures, and model specification tests in the beta-pricing and SDF setups. Section 4 presents re-
sults for non-invariant estimators that allow for some comparisons with the limiting behavior of
the ML and CU-GMM estimators. Section 5 reports Monte Carlo simulation results. Section 6
summarizes our main conclusions and provides some practical recommendations. All proofs are
relegated to the Appendix. Some supplementary results, that we refer to throughout the paper,

are available in an Internet Appendix.

The paper adopts the following notation. We denote convergence in probability by % and
convergence in distribution by < n addition, let Z = (Z1,...,Z,)" be a vector of n independent
standard normal random variables, and let £ = (&;,...,&,,)" be a vector of n real numbers. Then,
F.(§) = fjlgizl? denotes a random variable which is distributed as a weighted sum of n independent

=

chi—square_d random variables with one degree of freedom.



2 Preliminaries

In this section, we first introduce the SDF and beta representations of an asset-pricing model. Next,

we briefly describe the rank test of Cragg and Donald (1997) and lay out our main assumptions.

2.1 Stochastic Discount Factor and Beta-Pricing Model Representations

Let

y(A) = zj\ (2)
be a candidate SDF at time ¢, where x; = [1, f/]’, f; is a (K — 1)-vector of systematic risk factors,
and A = [A\g, \}] is a K-vector of SDF parameters. Also, let R; denote the gross returns on
N (N > K) test assets and e;(\) = D\ — 1y, where D; = Ryzy and 1y is an N x 1 vector of
ones.* When the asset-pricing model is correctly specified and well identified, there exists a unique

A" =[A§, AY’)’ such that the pricing errors of the model are zero, that is,
Ele (X)) = DX* — 1y = Oy, (3)

where D = E[Rz}].

Alternatively, we can express the linear asset-pricing model using the beta representation. Let

Y = [ff, R with

B[] = “f] (4)
L
and
Vi V
Varlj=v=| 1 "R (5)
VRf Vi

and v = [y,, 7}]’ be a K-vector of parameters. When the asset-pricing model is correctly specified
and well identified, there exists a unique v* = [v§, 77’]’ such that
tr = 1Yo+ B, (6)

where 3 = [03y,...,Bx_1] = VRfo_1 is an N x (K — 1) matrix of the betas of the N assets. Also,
define

a:lLI’R_/BlLI’f7 (7)

4When R is a vector of payoffs with initial cost ¢ # Ox, we just need to replace 1x with ¢. In addition, the
analysis in the paper can be easily adapted to handle the case of excess returns, that is, the ¢ = On case.



and ¥ = Vi — VRfo_IVfR.

There are two main reasons why the beta-pricing framework is very popular in the empirical
asset-pricing literature. First, unlike the SDF coefficients A, the parameters 7, and v; have a
direct interpretation of zero-beta rate and risk premium parameters, respectively. Second, the
beta representation allows for conveniently measuring and plotting the goodness-of-fit as a model’s
expected returns versus average realized returns. To capitalize on these advantages, the SDF

parameters can be transformed into the beta-pricing model parameters using the mapping

1
Yo = / ’ (8)
Ao + ,uf/\1
Vi
=—__J°= 9
71 AO +M/fA1 ( )

The main statistics of interest in evaluating asset-pricing models are the ¢-tests for statistical
significance of A\; and 7;,% the goodness-of-fit statistic defined as the squared correlation between
the realized and model-implied expected returns, and the statistics for correct model specification
that test the validity of the asset-pricing model restrictions: DA = 1y in the SDF representation,
and pp = 1N + B7; in the beta-pricing setup. The limiting behavior of these statistics, which is
the primary focus of our analysis below, is determined by the rank of the matrices H = [1y, D] (in

the SDF representation) and G = [1y, B], where B = [a, f] (in the beta-pricing representation).

2.2 Rank Restriction Test and Assumptions

In the subsequent analysis, we rely repeatedly on the representation of the rank restriction test of
Cragg and Donald (1997) as an invariant test. Let II be a generic notation for an N x K matrix
and m = vec(II). Under the null that II is of (reduced) rank K — 1, Hy : rank(Il) = K — 1, there
exists a nonzero K vector ¢ such that IIc = Oy with the normalization ¢c = 1.6 Suppose II is an

estimator of II and assume that

VTvec(Il — 1) % N (O, M), (10)

°It should be stressed that in a multi-factor model, testing Hy : 71,: = 0 is not the same as testing Ho : Ad1,; =0
fori =1,..., K — 1. More importantly, acceptance or rejection of v, ; = 0 does not tell us whether the i-th factor
makes an incremental contribution to the model’s overall explanatory power, given the presence of the other factors.
See Kan, Robotti, and Shanken (2013) for a discussion of this subtle point.

6See Cragg and Donald (1997), Robin and Smith (2000), and Kleibergen and Paap (2006) for a detailed analysis
of rank restriction tests.



where M is a finite and positive-definite matrix. Then, the Cragg and Donald (1997) test of
Hj : rank(IT) = K —1 can be rewritten as an invariant test of the form (see, for example, Kleibergen

and Mavroeidis, 2009, and Arellano, Hansen, and Sentana, 2012)

CD = min T7'Q(c)(Q(c) MQ(c)) ' Q(e), (11)

c.cle=1

where Q(¢) = ¢ ® Iy and M is a consistent estimator of M.

For our main results, some of the following assumptions are needed.

ASSUMPTION 1. Assume that Y; is a jointly stationary and ergodic process with finite fourth

moments and a positive-definite covariance matrix V.

ASSUMPTION 2. Assume that e;(A) — Efes(A\)] forms a martingale difference sequence and has a

positive-definite covariance matrix W, ().

ASSUMPTION 3. Assume that Y; is #id normally distributed.

Assumption 3 is restrictive but it is used only for the ML estimator in the beta-pricing model
(Shanken, 1985) and not for the CU-GMM estimator in the SDF framework. Assumption 2, which
is used for the CU-GMM estimator, is much weaker; it could be further relaxed to allow for serial
correlation in e;(A) — E[e(N)], at the cost of a more cumbersome notation. In what follows, the
model is said to be misspecified if there does not exist a - such that up = 1n5v, + G, holds (or a
A such that DX = 1y holds).

3 Main Results for Invariant Estimators

In this section, we establish the numerical equivalence between the tests of correct model specifica-
tion (in the beta-pricing and SDF setups) and the reduced rank test. In addition, we characterize
the limiting behavior of the corresponding parameter estimates and t¢-tests under the assumptions
of model misspecification and lack of identification (which arises when a useless factor is included

in the model).



3.1 Maximum Likelihood

We start with the more restrictive ML estimation of the beta-pricing model that imposes the joint
normality assumption on Y; (Assumption 3). Combining equations (6) and (7), we arrive at the

restriction
a=1n70+ B(" — ky)- (12)

Then, the ML estimator of v* is defined as (see Shanken, 1992, and Shanken and Zhou, 2007)

o — 1 —y —a))Ea—-1 — B(y, — i
&ML — argmin (o NYo — Bl Mf)) (& —1nvg — B Mf))

v 1+ 7/1‘7]6_171

: (13)

where &, B, fofs Vf, and 3 are the sample estimators of a, 3, p1y, Vy, and ¥, respectively. The test

for correct model specification of Shanken (1985) is given by

S 7o & %0 = Bl = B))E @ — vy = By = fiy)
7 1 +7/1Vf_171

: (14)

and is asymptotically distributed as & <, X4 under the null Hy : o = 1n7y + B(7; — py) and

Assumptions 1 and 3.7

Note that the ML estimator can be recast as the invariant estimator in equation (1) with
G(v) = VT (& — 1nve — By, — fiy)) and W) =0+ 7’1‘7]7171)53. Due to the special structure
of this objective function, the ML estimator of v* can be obtained explicitly as the solution to
an eigenvector problem. Let v = [~7y,, 1, —(v; — fiy)']" and G = [1n, &, ], and noting that

a—1nvyy — 3(71 — fig) = Gu, we can write the objective function of the ML estimator as

. V'S 1G (15)
B VAX'XT) Ay’

where A = [0, Ix] and X is a T x K matrix with a typical row «}. Let © be the eigenvector

associated with the largest eigenvalue of®

Q= (G'S716)AX' X/T) 4. (16)

"Our limiting result for the S test is also applicable to the asymptotically equivalent likelihood ratio (LR) test,
which is given by LR = T'In(1 + §/T) (Shanken, 1985). Note also that in deriving the asymptotic distribution
of § (and LR), Assumption 3 can be relaxed to conditional normality of returns (conditional on f;). In fact, the
asymptotic result for S (and LR) continues to hold under the more general case of conditional homoskedasticity.

8See also Zhou (1995) and Bekker, Dobbelstein, and Wansbeek (1996) for expressing the beta-pricing model as a
reduced rank regression whose parameters are obtained as an eigenvalue problem.

10



Then, the ML estimator of v* can be constructed as

L = 2L, (17)
V2

AML = iy — U R T (18)
52 Vg

When the model is correctly specified and B is of full column rank, we have that Gv* = Oy for

v* = [=5, 1, =(71 — fiy)')" and, under Assumptions 1 and 3,
%ML —7% | 4 0 K1
\/T ~ML « —N OKv(1+7>{/Vf_17T)(BiE_1B1)_1 - ) (19)
TN 01 Vs
where By = [ly, f]. As a result, the t-statistics for statistical significance of v, and v, ; (i =
1,..., K — 1) are constructed as
iy = Yoo (20)
s(30')
ML
sy = YT (21)
B
where s(3311), s(%\ﬂL), . .,s(%\ﬂ%_l) denote the square root of the diagonal elements of
s oA 0 !
L+ VS (BIST By~ + e (22)
Or—1 Vf

and B; = [1y, B] Using the ML estimates %ML and 4ML the ML estimate of 3, BML, and the

fitted expected returns on the test assets, ,&% L are obtained as

S ML 5y [& — InAYE — BAME — Mf)h{wL/V_l (23)
1 + AML/Vf IW{ML
and
. . ML
pEt = 1ni" A (24)

When the asset-pricing model holds, rank(G) = K, that is, G has a reduced rank. Note that
rank(G) = K if and only if rank(P{B) = K — 1, where P; is an N x (N — 1) orthonormal matrix
whose columns are orthogonal to 1. Instead of using the S test to test the asset-pricing model,
one may want to use the Cragg and Donald (1997) rank test to test rank(P;B) = K — 1. Under

Assumptions 1 and 3, the Cragg and Donald (1997) test statistic is given by

CD; =T min (Pch) [(d @ P)((X'X/T) '@ %) (c® )] Y(P|Bc)

CCC—
'B'P,(P/'%P,)"1P'B
=T minc 1(P125) L C,
c:cle=1 Cl[(X/X/T)_l]C

11



where B = [&, 3]. Under the null Hy : rank(P/B) = K — 1, we have
CD1 % 3. (26)

Lemma 1 below establishes the numerical equivalence of the tests S and CD; and the relationship

between their corresponding estimators.

LEMMA 1. Consider the S and CD; tests defined in (14) and (25), and let 5ME = [3ML AML gnd
¢ = [¢1, &) denote the estimators that minimize (14) and (25), respectively. Then, under Assump-

tions 1 and 3, we have S = CDy, M = —S—f + fig, and AME = NS (i — BAYE) /(1S 11y).

Proof. See Appendix.

Lemma 1 reveals that the S test is in fact a rank test of Hy : rank(P{B) = K — 1, that is,
G has a reduced rank. While G has a reduced rank when the asset-pricing model is correctly
specified, there are also misspecified models that can give rise to a reduced rank of G. For ex-
ample, G can have a reduced rank when the model contains a factor that is independent of the
returns (useless factor) or when the model contains two factors that are noisy (due to measure-
ment error, for instance) versions of the same underlying factor. An example of this latter scenario
is a consumption-based asset-pricing model whose empirical specification includes several noisy
measures of consumption growth. It is of interest to investigate how the ML estimation behaves
under these other scenarios. The following theorem characterizes the limiting behavior of the ML
estimates ML, the t-statistics t(95/L) and t(%\ﬁ-L) (i =1,...,K — 1), the pseudo-R? statistic
R%\/l L= Corr(,&% L fig)?, and the specification test S in misspecified models that contain a useless
factor. Without loss of generality, we assume that the useless factor is the last element of the
vector f; with B5_; = On and is independent of the test asset returns and the other factors.”
Let z = [z1,29,...,2K] ~ N(0k, (G’lE_lGl)_l/U%K_l), where G = [1n, a, B31,...,0K_o] and
0%1(_1 = Var[fr_14]. In addition, let 0? = Var[z;], 0;; = Covl[z, 2], pi; = 0ij/(0i0;), and define
the random variables Zo = 29/00 ~ N(0,1),  ~ X4 _f» ¢ ~ N(0,1), where z and ¢; are inde-
pendent of Zp, and b; = (v + 23)/(z + 23 + ¢?) for i = 1,..., K — 1. Then, we have the following

result.

THEOREM 1. Suppose that the model is misspecified and it contains a useless factor (that is,

%Qur analysis can be easily modified to deal with the case in which the betas of the factors are constant across
assets instead of being equal to zero.
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rank(B) = K —1). Then, under Assumptions 1 and 3 and as T — oo, we have

AML

N AML d . Zi42 . MKk-1 d 1
__" . — :1’. K 2 d ’

() () 48" 5 =22 () AE 2 gy = 22 for g and (i) 221

- Ky i02
NP d P12|Z2 o d oira  Pit22 1
(b) (i) t3E) 4 —(L'ﬁql) o) ety S [ 2R by o

\/ 1- p12+272

. . d
i=1,...,K —2; and (iii) 752(7{\,41%—1) - X?V—K+1"
(c) Ry =1

(d) limg_.oo Pr[S > py] =n, where n denotes the significance level of the specification test and p,
is the 100(1 — n)-th percentile of x3% _x-

Proof. See Appendix.

Theorem 1 establishes the limiting behavior of the parameter estimates, ¢-tests, and pseudo-
R? statistic, R%\/l 1, in misspecified models with identification failure. In addition, it characterizes
the asymptotic power of the S test under rank deficiency. When a useless factor is present, the
estimates on the useful factors are inconsistent and converge to ratios of normal random variables.
The estimate for the useless factor (ﬁ%%_l) diverges at rate root-1', and the standardized estimator
converges to the reciprocal of a normal random variable.'® The t-tests for the useful factors converge
to bounded random variables and, hence, are inconsistent. In fact, as our simulations illustrate, the
tests t(%\ﬁ-L) fori=1,..., K — 2 tend to exhibit power that is close to their size. In contrast, the
t-test for the useless factor will over-reject substantially (with the probability of rejection rapidly
approaching one as N increases) when N(0,1) critical values are used. Furthermore, part (c)
of Theorem 1 shows that the pseudo-R? of a misspecified model that contains a useless factor
approaches one. This leads to completely spurious inference as the useless factors do not contribute
to the pricing performance of the model and yet the sample pseudo-R? would indicate that the model

perfectly explains the cross-sectional variations in the expected returns on the test assets.

Finally, part (d) of Theorem 1 demonstrates that the specification test in the beta-pricing

model has asymptotic power equal to its size when a useless factor is included in the model. This

YKan and Zhang (1999a) and Kleibergen (2009) also show that the estimate for the useless factor diverges at rate
root-7" when employing non-invariant two-pass cross-sectional regression estimators. Similar results are documented
by Kan and Zhang (1999b) and Gospodinov, Kan, and Robotti (2014a) for models estimated via non-invariant
(optimal and suboptimal) GMM.
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result follows directly from the numerical equivalence of S and CD; and has two main implications.
First, it suggests that the test for over-identifying restrictions will erroneously conclude, with a
limiting probability of 1 — 7, that a model with an arbitrarily large degree of misspecification is
correctly specified. While this result applies to the case of a model with a useless factor, it also has
implications for models with factors that are weakly correlated with the test asset returns. In finite
samples, factors with low correlations with returns are indistinguishable from useless factors, so the
S test has almost no power in rejecting such models.!! Second, it indicates that the conventional
inference on the parameter estimates 4% is likely to be distorted and highly misleading as the
standard errors under correct specification will not account for the additional uncertainty arising
from model misspecification. It should be stressed that, apart from the rates of convergence and
the asymptotic distribution of tz(&%%_l), these ML results sharply differ from the results for
non-invariant estimators. As further emphasized in Section 4 below, the considered non-invariant

estimators appear to exhibit less sensitivity to lack of identification.

As previously discussed, the full rank condition on G may also be violated when the model
includes two (or more) factors that are noisy versions of the same underlying factor. In this case
(a proof for this result is available in Internet Appendix Section 2), the behavior of the parameter
estimates, t-ratios, and pseudo-R? is the same as the one described in Theorem 1 with the limiting
representations for the noisy factors being the same as the asymptotic distributions for the useless
factor in parts (a) and (b) of Theorem 1. In Theorem 2 below, we present a general result for the
asymptotic distribution of the specification test that covers both correctly specified and misspecified
models that are possibly fully identified or under-identified of arbitrary order (that is, G' has rank

K +1 —r for an integer r > 1).

THEOREM 2: Suppose that the matrix G has a column rank K +1 —1r (r = 1,2,...), that is,
there exist r linear combinations of the columns of G that are equal to zero vectors. Then, under

Assumptions 1 and 8 and as T — oo, we have
d
S — wy, (27)

where w, is the smallest eigenvalue of W ~ W,(N — K —1+r,1I,), and W,(N — K —1+r,1,)

denotes the Wishart distribution with N — K — 1 4+ r degrees of freedom and a scaling matriz I,.

"The result also suggests that if a model is rejected by the S test, one can easily “save” the model by adding
measurement errors to the factors in the model.
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Furthermore, Prlw, < a] > Pr[z < a], where x ~ X?V_K-

Proof: See Appendix.

Theorem 2 shows that the limiting distribution of S depends only on r and not on whether the
model is correctly specified or misspecified. Note that Theorem 2 nests several cases of interest
depending on the value of r. When r = 1, that is, the model is correctly specified with a useful
factor or the model is misspecified with a useless factor, we have S LA X?\/— - This case subsumes
the standard asymptotic approximation for identified models as well as the result in part (d) of
Theorem 1. When the model is correctly specified with a useless factor or when the model is
misspecified but it contains two useless factors, we have r = 2 and S < wo, wWhere woy is the
smallest eigenvalue of Wo(N — K + 1,13). In this situation, as the second part of Theorem 2
suggests, the specification test, which is based on critical values from the X?\/— i distribution, will
under-reject the null hypothesis. The following figure shows the limiting distribution of S for the
case of N - K =7.

Figure 3 about here

Finally, in Internet Appendix Section 1, we present limiting results for correctly specified models
with identification failure. In this case, the parameter estimates for the useful factors (%\4 L and
&%L for i = 1,..., K — 2) are consistent but have non-normal asymptotic distributions. The
parameter estimate for the useless factor (%\%_1) is inconsistent and is asymptotically distributed
as a Cauchy random variable. The t-statistics are also asymptotically non-normal and using (0, 1)
critical values will lead to under-rejections for the parameters on the useful factors and to over-

rejections for the parameter on the useless factor.

‘F igure 4 about here

The reason for the over-rejection is clearly illustrated in Figure 4 which plots the limiting
probability density functions of t(ﬁ%@_l) under correctly specified and misspecified models (N —
K =T7), along with the standard normal density. Given the bimodal shape and large variance of
the probability density function of the limiting distribution of t(%\%_l) under correctly specified

models (which arises from the model’s lack of identification), using N(0,1) critical values will
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lead to an over-rejection of the hypothesis of zero risk premium on the useless factor. This over-
rejection is further exacerbated by model misspecification, as illustrated by the outward shift of
the probability density function when the model is misspecified. Hence, with lack of identification,
misleading inference also arises in correctly specified models although the inference problems are

more pronounced in misspecified models.

3.2 Continuously-Updated GMM

We now consider the more general GMM estimation of SDF and beta-pricing models. The CU-
GMM estimator of the SDF parameters \* is defined as (see Hansen, Heaton, and Yaron, 1996)

A= arg}r\nin eN)W.(N)te(N), (28)

where é(\) = T~' S e;(\) and

1

T
We(A) = T D (e(A) —eM)(eA) — &) (29)

t=1
The over-identifying restriction test of the asset-pricing model is given by

J = Tmine(\) We(N)'e(N), (30)

and J < X?V— x When the asset-pricing model holds.

When the model is correctly specified and D is of full column rank, we have, under Assump-

tions 1 and 2, that (Hansen, 1982; Newey and Smith, 2004)
VT(A = X) S N (0g, (D'W.(\)"'D)™Y), (31)

where We(A*) = Ele;(A\*)e (X*)']. The t-statistics for statistical significance of Ag and A1, (i =

1,..., K — 1) are constructed as
A TX
t(ho) = Q, (32)
5(Ao)
A TAi
t(Ay) = ~—H (33)
8(/\171')
where the quantities s(;\o), 8(;\1,1), .. .,s(;\LK_l) denote the square root of the diagonal elements

of (D'W,(\)~'D)~!. Internet Appendix Section 3 describes how to use the CU-GMM estimates of
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the SDF parameters \* to obtain (in a computationally very efficient way) the CU-GMM estimates
of v, B, py, and Vy. More specifically, let

— (ee(N) —e(A)We(M)"te(N)
- :

wy(3) = 2

Then, the CU-GMM estimates of us, V¢, and (3 are given by

(34)

ACU Zwt ft7 (35)

T
=Y wN filfe = 0§V, (36)

t=1

and
T

Z NR(fi — p§YY (VN (37)

=1
These estimates are subsequently used to construct estimates of the risk premium parameters

1
~LCU __
o = —r (38)
’ Ao+ 25V M
Veu i,
¥V = ——L e (39)

Ao + [L?U//\l

The fitted (model-implied) expected returns, ,&(}%U =1 N7 Uy ﬁ ACU

pseudo-R? for CU-GMM.

, are used to compute the

When the asset-pricing model holds, rank(H) = K. Note that rank(H) = K if and only if
rank(P{D) = K — 1. Instead of using the J statistic to test the asset-pricing model, one may want
to use the Cragg and Donald (1997) rank test to test Hy : rank(P;D) = K — 1, which is given by

CDy =T min (P,De)[(¢ @ P))Vy(c® P)]"Y(PiDe), (40)

c:c/e=1

where D is the sample estimate of D and Vy = + 23;1 vee(Dy — D)vec(D; — D).

The following lemma establishes the numerical equivalence of the J and CDs tests so that the
CU-GMM specification test of the asset-pricing model is in essence a rank test.'’?> The lemma also

explains how to obtain the CU-GMM estimator of A* from the ¢ that minimizes (40).

12We can also interpret Lemma 2 below in terms of Proposition 3 in Pefiaranda and Sentana (2014), which states
that the J statistic obtained from the N gross returns is numerically equivalent to the J statistic from N — 1 excess
returns. The CD, statistic is a quadratic form in P{Dc, where the N x (N — 1) orthonormal matrix P; is effectively
transforming the N-vector of gross returns into an (N — 1)-vector of excess returns with zero costs. Therefore, we
can interpret the CD2 statistic as the J statistic obtained from the N — 1 pricing errors for those excess returns.
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LEMMA 2. Consider the J and CDy tests defined in (30) and (40), and let X and ¢ be the estimators
that minimize (30) and (40), respectively. Then, under Assumptions 1 and 2, we have J = CDs
and X = [y We.(&) /(U We(¢) "1 Dé)]e.

Proof. See Appendix.

As in the MLE case, H can have a reduced rank even when the model is misspecified. This can
happen when the model contains a useless factor. It is of interest to understand how CU-GMM
behaves under unidentified and misspecified models. The following theorem describes the limiting
behavior of the CU-GMM estimates, their corresponding t-statistics, the pseudo-R?, and the J test
for misspecified models that contain a useless factor. Without loss of generality, we assume that
the useless factor is ordered last with mean i, and variance 0% x—1- The CU-GMM estimator
and the t-statistic corresponding to the useless factor are 5\17 Kx—1 and t(S\L K—1), respectively. Let
z = [z1,22,. . 2] ~ N(Ok, 07 (H{U Hy) ™), where U = E[R;R}], Hi = [y, Di], D1 =
[d1, da,...,dk—1], and d; (i = 1,..., K — 1) is the i-th column of D. Also, let 02 = Var[z],
0ij = Covlz, zj], p;; = 04j/(0i0;), and define the random variables 1 = z1/01 ~ N (0,1),  ~
XA x> @ ~ N(0,1), where r and ¢; are independent of Z1, and b; = (z + 23)/(z + 3% + ¢?) for
i=1,...,K—1.

THEOREM 3. Suppose that the model is misspecified and it contains a useless factor (that is,

rank(D) = K —1). Then, under Assumptions 1 and 2 and as T — oo, we have

Lorod o 2. ;\odM,K—1. I d  Zi42
(@) () Ao = T if ppr—1 =0 or T - le if wpr—1 #0; (i) Ay — — 2 for

<1

. O MK-1 d 1
Zzl,...,K—2,' and (ZZZ)’i_)__’.
vT 21

P1,2|51|

o,y d i <y d . y
(b) (i) t(Ao) = — ﬁ +q2 | b7 if Hf k-1~ 0 or 752(/\0) - X?V_KH if My k-1 #0; (ii)
— P12

c o d P12l

t(A1) — — T 1 2
1= Pl

(¢) R%y = Corr(iGY, jig)? & 1;

L ) 2 d
bl fori=1,...,K—2;and (#ii) tz(/\LK_l) — X?V—K—l—l;

(d) limg_.oo Pr[T > py| = n, where n denotes the significance level of the test for over-identifying
restrictions and py, is the 100(1 — n)-th percentile of XA _j-
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Proof. See Appendix.

While the limiting distributions in Theorem 3 for the CU-GMM estimator are broadly con-
sistent with those in Theorem 1 for MLE, some interesting differences emerge. In particular, the
asymptotic behavior of Ao and t(;\o) depends on whether the population mean of the useless factor
is zero or not. In the practically relevant case when this mean is nonzero, Ao and t(;\o) inherit the
limiting properties of ;\17 k-1 and t(;\L Kk—1) for the useless factor. This provides another example
of the highly irregular behavior of the invariant estimators in misspecified and unidentified mod-
els. Similarly to the beta-pricing setup, parts (c) and (d) of Theorem 3 show that the pseudo-R?
measure converges to one and the asymptotic power of the CU-GMM specification test is equal to

its size when one or more factors are independent of the test asset returns.

As for the beta-pricing model, it is desirable to characterize the asymptotic behavior of the
specification test when the model is possibly unidentified of arbitrary order, that is, the matrix H
has rank K + 1 — r for an integer » > 1. Theorem 4 below establishes that the J test shares the

same limiting distribution as the S test under some additional restrictions on the data.

ASSUMPTION 3’. Assume that

VTvec(B — B) % N Oy, Eln)] "t @ %). (41)

Note that Assumption 3’ imposes weaker restrictions on the data than Assumption 3. For
example, the result in Assumption 3’ holds under conditional homoskedasticity without any distri-

butional requirements on the data.

THEOREM 4: Suppose that the matriz H has a column rank K +1—r (r = 1,2,...), that is,
there exist r linear combinations of the columns of H that are equal to zero vectors. Then, under

Assumptions 1, 2, and 8’ and as T — oo, we have
d
J — W, (42)

where w, is the smallest eigenvalue of W ~ W.(N — K —1+r,1,), and W,(N — K —1+r,1,)
denotes the Wishart distribution with N — K — 1 4+ r degrees of freedom and a scaling matriz I,.

Furthermore, Prlw, < a] > Prz < a], where x ~ X% _j-

Proof: See Appendix.
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Theorem 4 nests the standard asymptotic approximation for identified models (Hansen, 1982)
as well as the result in part (d) of Theorem 3. Note, however, that the x4 _, limiting distribution
in these two cases is a more general result and does not hinge on the validity of Assumption 3’.
When the model is correctly specified with a useless factor or when the model is misspecified but it
contains two useless factors, we have J 4, wo and the specification test, which is based on critical

values from the X?V— i distribution, tends to under-reject.

4 Non-Invariant Estimators

The results so far suggest that the invariant estimators (ML and CU-GMM) are extremely sensitive
to model misspecification and lack of identification. It is instructive to study some popular non-
invariant estimators (two-pass cross-sectional regression estimators in the beta-pricing setup and
the HJ-distance estimators in the SDF setup) under misspecified and unidentified models, and
compare their properties with the properties of the invariant estimators analyzed in Section 3. It
is well known (see, for example, Shanken and Zhou, 2007) that the GLS cross-sectional regression

estimator is the argument that minimizes the numerator of the ML objective function

(fbg — Invo — B%)li_l(ﬂ}z —Invo — 571) (43)

min ,

v 1+7] Vf_171
which suggests that the non-standard behavior of the ML estimator and test statistics documented

above can be due to or exacerbated by the “denominator” problem.

Specifically, the GLS cross-sectional regression estimator of v* is given by
S8 (S B B S g (a4

The cross-sectional regression (CSR) test for correct model specification of Shanken (1985) is based

on the statistic

Q= (g — BAS) S (g — BIACT). (45)
To characterize the asymptotic distribution of the CSR test, let

W(v) = [Re — pp — B(fr — pp)][1 — 7/1Vf_1(ft — gl (46)
S1 = EllL:(v)lL(v*), (47)
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1
2

and Pp; be an N x (N — K) orthonormal matrix with columns orthogonal to V =X"2[ly, Vasl
Then, under Assumptions 1 and 2 and when the asset-pricing model is correctly specified and well

identified, the limiting distribution of the CSR test is given by (Kan, Robotti, and Shanken, 2013)
TO % Fy k(6), (48)
where the £;’s are the eigenvalues of the matrix
PLE 35573 P (49)

Similarly, define the HJ-distance estimator of \* as
~HJ P 17r—1 = NT17—1 \—1 7y 77—1
A =argmin e\)U"e(A\) =(D'U D) D'U "1y, (50)
A
where U is the sample estimate of U = F [R:R}] defined above Theorem 3, and let

5 = e\ yo—te(3) (51)

denote the sample squared HJ-distance. Then, under Assumptions 1 and 2 and when the asset-
<2

pricing model is correctly specified and well identified, the HJ-distance test, T'9 , follows a weighted

chi-squared limiting distribution (Jagannathan and Wang, 1996):

TS % Py (9) (52)
where the £,’s are the nonzero eigenvalues of the matrix
% -1 % % -1 /rr—1 —1py/7r—1 %
S;US; —S;UDD'U D) DU S;, (53)

and Sy = Ele(A")e(A\*)]. The next theorem characterizes the limiting behavior of the sample

squared HJ-distance and CSR tests in the presence of a useless factor.

THEOREM 5. Let B ~ Beta (NEK, 3) with density fg(-) and p, be the 100(1 — n)-th percentile of

2
XN-K-

(a) Suppose that Assumptions 1 and 2 hold, the asset-pricing model is misspecified and it contains
a useless factor. In addition, denote by 6% = Uy — 1 UtDy(DiUID) 1 DU 1y

the squared population HJ-distance. Then, we have
5> 4 2B, (54)
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and the limiting probability of rejecting the null hypothesis of correct model specification by
the HJ-distance test of size n is

1
s
/0 P [X?V—K+1 > 1pj . fB(s)ds < 1. (55)

(b) Suppose that Assumption 1 holds and () — E[l4(7y)] forms a martingale difference se-
quence. In addition, suppose that the beta-pricing model is misspecified and it contains
a useless factor. Finally, let Go = [In, B1,...,Bx_s] and denote by Q = pp¥ up —
WX Go(GLET1Go) T GO T iy the population CSR.'3 Then, we have

Q— 9B, (56)

and the limiting probability of rejecting the null hypothesis of correct model specification by
the CSR test of size 1 is also given by (55).

Proof. See Appendix.

While Theorem 5 shows that the HJ-distance and CSR tests are inconsistent under identification
failure, the limiting probability of rejection of the null hypothesis is different from the ones for the
invariant estimator-based tests. In particular, this limiting probability is a function of N — K and
is very close to one when N — K is of the magnitude typically encountered in empirical work.
Consider again the same test assets and asset-pricing models described in Section 1. Figures 5
and 6 visualize the cross-sectional goodness-of-fit of the models by plotting average realized returns

versus fitted (by HJ-distance and GLS, respectively) expected returns from each model.

Figures 5 and 6 about here

In sharp contrast to the results for invariant estimators in Figures 1 and 2, the models that
contain factors that are only weakly correlated with the test asset returns (C-LAB and CC-CAY)
no longer exhibit a perfect fit, and the HJ-distance and CSR tests strongly reject the null of correct
specification (see Panel A of Table I). As a result, these non-invariant tests appear to be more
robust to lack of identification and can detect model misspecification with higher probability than

their invariant counterparts.

13The explicit expression for ¥ when the model contains a useless factor is provided in the proof of Theorem 5 (b).
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5 Simulation Results

In this section, we undertake a Monte Carlo simulation experiment to study the empirical rejection
rates of the specification and t-tests for the CU-GMM and ML estimators as well as the finite-
sample distribution of the goodness-of-fit measure. We consider three linear models: (i) a model
with a constant term and a useful factor, (ii) a model with a constant term and a useless factor, and

(iii) a model with a constant term, a useful, and a useless factor. All three models are misspecified.

The returns on the test assets and the useful factor are drawn from a multivariate normal
distribution. In all simulation designs, the covariance matrix of the simulated test asset returns
is set equal to the sample covariance matrix from the 1959:2-2012:12 sample of monthly gross
returns on the 25 Fama-French size and book-to-market ranked portfolios (from Kenneth French’s
website). The means of the simulated returns are set equal to the sample means of the actual
returns, and they are not exactly linear in the chosen betas for the useful factors. As a result, the
models are misspecified in all three cases. The mean and variance of the simulated useful factor
are calibrated to the sample mean and variance of the value-weighted market excess return. The
covariances between the useful factor and the returns are chosen based on the sample covariances
estimated from the data. The useless factor is generated as a standard normal random variable
which is independent of the returns and the useful factor. The time series sample size is T = 200,
400, 600, 800, 1000, and 3600, and all results are based on 100,000 Monte Carlo replications. We
also report the limiting rejection probabilities (denoted by T' = oo) for the specification and t-tests

based on our asymptotic results in Sections 3 and 4.

| Table II about here |

Table II presents the probabilities of rejection of the model specification tests based on invariant
(CU-GMM and ML) and non-invariant (HJ-distance and GLS) estimators at the 10%, 5%, and 1%
nominal levels. Table Il.a reports the rejection probabilities of the J and HJ-distance tests for
the SDF representation, while Table II.b includes the S and CSR tests for the beta-pricing model.
Consistent with our theoretical results, the specification tests based on invariant estimators do
not exhibit any power in the presence of a useless factor and the empirical rejection probabilities

approach the nominal size under the alternative of a misspecified model. As a result, when a useless
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factor is included in the model, the researcher will conclude erroneously (with probability one minus
the nominal size of the test) that the model is correctly specified even when the misspecification
of the model is arbitrarily large. In contrast, the HJ-distance and the CSR tests, albeit still

inconsistent, prove to be much more successful at detecting model misspecification.

| Table III about here|

An alternative and popular way to look at the performance of the model is to compute the
squared correlation between the expected fitted returns of the model and the average realized
returns. The distribution of this pseudo-R? is reported in Table III (IIl.a for CU-GMM and IILb
for ML). Again, as our theoretical analysis suggests, the empirical distribution of the pseudo-R? in
models with a useless factor collapses to 1 as the sample size gets large. For example, this measure
will indicate a perfect fit for models that include a factor that is independent of the returns on the
test assets. These spurious results should serve as a warning signal in applied work where many

macroeconomic factors are only weakly correlated with the returns on the test assets.

| Table IV about here |

Finally, Table IV (IV.a for CU-GMM and IV.b for ML) presents the rejection probabilities of
the t-tests of Ho : A\1; = 0 and Hp : 7, ; = 0 (tests of statistical significance) for the useful and
the useless factor in the SDF and beta representations of models (i), (ii), and (iii). The t-statistics
are computed under the assumption that the model is correctly specified and are compared against
the critical values from the standard normal distribution, as is commonly done in the literature.
Table IV reveals that for models with a useless factor, the ¢-tests will give rise to spurious results,
suggesting that these completely irrelevant factors are priced. Moreover, the useless factor (which,
by construction, does not contribute to the pricing performance of the model) drives out the useful
factor and leads to the grossly misleading conclusion to keep the useless factor and drop the useful

factor from the model (see Panel C of Table IV.a and IV.D).

6 Concluding Remarks

In this paper, we study the limiting properties of some invariant tests of asset-pricing models, and

show that the inference based on these tests can be spurious when the models are unidentified. In
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particular, we demonstrate that, in the presence of factors that are independent of the returns on
the test assets (useless factors), the power of the specification tests based on invariant estimators is
equal to their size, and the pseudo-R? that measures the distance between the fitted and realized
average returns approaches one. As a consequence, an applied researcher would conclude with high
probability that the model is correctly specified and proceed with constructing standard errors and
test statistics that assume correct model specification. Since these statistics would not take into
the account the extra uncertainty arising from potential model misspecification, the inference on
the model parameters would be highly distorted and would manifest in highly significant estimates

for factors that do not contribute to improved pricing.

The spurious results in these models arise from the combined effect of identification failure and
model misspecification. It is important to stress that this is not an isolated problem limited to a
particular sample (data frequency), test assets, and asset-pricing models. This suggests that the
statistical evidence on the pricing ability of many macro factors and their usefulness in explaining
the cross-section of asset returns should be interpreted with caution. Some warning signs about
this problem (for example, the outcome of a rank test) are often ignored by applied researchers.
While non-invariant estimators (HJ-distance non-optimal GMM and GLS two-pass cross-sectional
regressions) also suffer from similar problems, the invariant (CU-GMM and ML) estimators turn

out to be much more sensitive to model misspecification and lack of identification.

Given the severity of the inference problems associated with invariant estimators of possibly
unidentified and misspecified asset-pricing models that we document in this paper, our recommen-
dations for empirical practice can be summarized as follows. The lack of power of the specification
tests in unidentified models suggests that the decision regarding the model specification should be
augmented with additional diagnostics. For instance, the tests developed by Arellano, Hansen, and
Sentana (2012) and Penaranda and Sentana (2014) can detect if the lack of rejection of the model
specification tests is genuine or is due to the presence of a useless factor. Importantly, any model
should be subjected to a rank test which will provide evidence on whether the model parameters
are identified or not. If the null hypothesis of a reduced rank is rejected, the researcher can pro-
ceed with the standard tools for inference in analyzing and evaluating the model. If the null of a
reduced rank is not rejected, there are two possible ways to proceed. A first possibility is to work

with non-invariant estimators (HJ-distance and cross-sectional regression estimators, for example)
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and pursue misspecification-robust inference that is asymptotically valid regardless of the degree of
identification (see Gospodinov, Kan, and Robotti, 2014a). Second, if there is a strong preference
for using invariant estimators, the researcher needs to estimate consistently the reduced rank of
the model (as in Ahn, Horenstein, and Wang, 2010, for instance) and select a subset of the original
factors such that its dimension is equal to the estimated rank, and the resulting model is identified.
For example, one could perform a rank test for each possible combination of factors and choose
the combination that delivers the largest rejection of the reduced rank hypothesis. This procedure
would restore the standard inference although it may still need to be robustified against possible

model misspecification as in Gospodinov, Kan, and Robotti (2013).

While the results in this paper are developed in the context of linear factor models, we conjecture
that similar results characterize the limiting behavior of specification tests in a different or more
general setup. For example, Cragg and Donald (1996) establish the inconsistency of the Anderson-
Rubin test for over-identifying restrictions in unidentified linear instrumental variable models while
Dovonon and Renault (2013) derive the asymptotic distribution of the test for over-identifying
restrictions under lack of first-order identification. Furthermore, the CU-GMM is a member of the
class of generalized empirical likelihood (GEL) estimators (Newey and Smith, 2004) that provides
a unifying framework for assessing asset-pricing models (Almeida and Garcia, 2012). To the best
of our knowledge, the statistical properties of the GEL estimators under model misspecification
(Schennach, 2007) and potential identification failure (Otsu, 2006; Guggenberger and Smith, 2008)
have been analyzed only in isolation. Establishing whether the results in this paper for the CU-
GMM estimator carry over to other GEL estimators or constructing GEL-based tests of correct
model specification that are robust to a complete or partial lack of identification is a promising

direction for future research.
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Appendix: Proofs of Lemmas and Theorems

A.1 Proof of Lemma 1

Note that the ¢ that minimizes (25) can be analytically obtained as the eigenvector associated with

the smallest eigenvalue of

Q= (X'X/T)B'P(P/>P,)"'P|B. (A1)

For the numerical equivalence of S and CD; to hold, it is sufficient to show that €2 and Q! share

the same nonzero eigenvalues. Using the formula for the inverse of a partitioned matrix, we obtain

o @sieyr| O O [ 0 ST TBe |
O (X'X/T)7! Ok C
where
C=[BY'B-BYS yAhS 1y My B Y (XX /T)~ (A.2)
Note that
In — S 21y S y) W E2 = S5 (PSP) tP3s (A.3)

= B'P(P|>P,)"'P/B (A.4)
and
. 0 —(U2 M) 112 1B)Q !
O (1 N)~ Iy ) (A.5)
Ox 01
If € is a nonzero eigenvalue of Q! and c¢ is the corresponding eigenvector, then we have
Qu = ¢v, (A.6)
where v = [—(142 "1 N) " (1yS " Be), ¢]. Therefore, Q and Q! share the same nonzero
eigenvalues. In particular, if ¢ = [¢1, ¢ is the eigenvector associated with the largest eigen-

value of Q7! or equivalently the eigenvector associated with the smallest eigenvalue of €2, then

b= [—(UE""1N) " (1S Bé), &) is proportional to the eigenvector associated with the largest
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eigenvalue of Q. Finally, using (17) and (18), we obtain

. ey .

At = T2 + fhy, (A7)

,?ML _ 1/Ni:_lBé _ 1/]\[2_1(,&}2 B B’?{V[L) (A 8)
O (S N)é 1Sy

This completes the proof.

A.2 Proof of Theorem 1

part (a): When the model is misspecified and contains a useless factor (ordered last), we have

Gv* = Oy for v* = [0/, 1]’. Let © be the eigenvector associated with the largest eigenvalue of
K

Q= (GG AX'X/T) A (A.9)

Define {ﬁ = [{ﬁlv 1;27 s 'a¢K]/ as

;= ———, i=1,...K, (A.10)
VK+1
which is asymptotically equivalent to the estimator
b= (GISG) TGS B (A.11)
Since VT B, <, N(Op, E/U%K_l), we have

VT 4 N0k, (GZ71G1) " ok k) (A.12)

and VT {b also has the same asymptotic distribution. Therefore, we can write

~ML _ _\/T{M 4 =

- s : A13
’70 ﬁ¢2 z2 ( )
A . \/T{ﬁ 2 d Zi4+2 .
W%L:/Lf,z_\/—T{;—_)luf,z_;—zv ZzlvaK_27 (A14)
2
VK _ Bk 1 a1 (A.15)

= + .
VT VT | VTo, =
This completes the proof of part (a).
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part (b): We start with the squared ¢-ratio of the useless factor, tz(&%%_l). Define Gy =
[N, Bi,---,0x_s] and Gy = [1y, Bl, .. .,BK_Q]. Using the formula for the inverse of a parti-

tioned matrix, we obtain

~ ~ Sy BN ~! Sy — Sy — A A Sy — A — A Sy — ~
S = A+ ATV (B (57 - 57 Ga(GhS T Go) TGS B ) + 0

ML 2 -1
_ (W ) (Bre a7 = £16a(ChE 1) S e, ) + 0T (A16)
OfK—1

by using the fact that %MZL =0p(1) fori=1,...,K —2 and %\741%_1 = Op(T%). In addition, by

defining u as follows:

VT6 111572 B 1 5w~ N(Oy, In), (A.17)
we obtain
T(%_1)? ﬁK (27— BTG (G Ga) TGS By 1
(K1) = +0,(T77)
M (7%@ 1/67.K-1)° ’

— /[Ty — 572G (GL5 " Go) L GLE 2 u + O,(T72)
L [Ty — 721G (GHS Ga) T GHE 2 ~ X st (A.18)
For the limiting distributions of t(%\/m) and t(&%L), i=1,..., K — 2, we use the formula for

the inverse of a partitioned matrix to obtain the upper left (K —1) x (K —1) block of (B}%~1B;) !
as
(G5271Go) MGy 5 By 1 i 1 571 Ca(GRE71Go) !
B/K—IE_IBK—I - B/K—l2_162(6/22_162)_IG/QE_IBK—I
- (ng—leg)—lcigz—%uufz—%Gg(ng—llc:g)—l
W[IN — X72G2(GLE"1Ge) 1 GLE 2w

(G816

= (GLZ1G)” +0,(T77). (A.19)

Note that we can write
In — 372G (G, S71G) LG T T = Iy — S 2Go(GLE " Ga) L GLS T — hiY, (A.20)

where

Iy — S 2G,(GLE"1Gy) 1GLE 2] 20

h= (A.21)

N

(o/z—%[IN - 2—%Gg(ng—leg)—lc:gz—%]z—%a>
With this expression, we can write
W[y — D 2G(GLE " Ge) LGS B u = W [Iy — X T2GH (G, S IG) T G E u + (hu)?

=+ 23, (A.22)
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where x ~ X?\/— ; and it is independent of Z ~ A(0,1). To establish the last equality, we need

to show that h'u = Z3. Denote by ¢, ; an m-vector with its i-th element equals to one and zero

elsewhere, and let 0;; = Cov(z;, zj] = L/KJ-(G/IE_lGl)_leJ/O'%K_l. Using the formula for the

inverse of a partitioned matrix, we obtain

1
2z = o (GRETIG) TGS T
O-f7K_1 ’
1 dST3[Iy - ETIGH(GYE T Ge) GRS R u
O K1 /S5 Iy — B 3Ga(GYE1Ge) LGS 3] Fa
It follows that
2 1
09 = -

0% 'S [Iy — BTEG(GYE1Ga) I GLE RS Ha

and W'u = z3/09 = Z.

(A.23)

(A.24)

Denote by w; the i-th diagonal element of (Bif]_lél)_l, i=1,...,K —1. Using (A.19), we

have

U1 (GHET1G2) T G T U/ 3 Go(GYE " Go) e

d /-1 -1
w; — LK—l,i(G2E Ga2) "tk—1i+ o1 22
2

2
_ _ q;
=k 1(GYS T Go) ek (1 + —Z~2> ,

where )
Ve 1 (GHYT1G)TIGLY "2
q; = o1 2) 2 ~ N(0,1).

(Vg 1 :(GEETIG2) e —1,]2

[

Using the fact that Var[u] = Iy and
(GE7'G) TGS Gy = [k, Lk - o KK

it is straightforward to show that
L/K,1(G/12_1G1)_IGEE_1G2(G/22_1G2)_ILK—1,1

Cov(z1, 1] = T
Uf,K—l[4{—1,1(G52_1G2)_1LK—1,1]5
1
= [L/K—1,1(GQE_1G2)_1LK—L1/U%,K—ﬂ2a
Ll}(,z(G/lE_lGl)_IGQE_1G2(G/22_1G2)_ILK—1,1
Cov|za, 1] = —

1
of k-1t 1(GHET1Go) ek —14]?

From the formula for the inverse of a partitioned matrix, we have

1 , , o2
-1 -1 _ 2 12 _ 2 2
5 LK—l,l(G2E G2)  tk-11 =01 — —5 = o1(1 = pia)-
0% K—1 03
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(A.26)

(A.27)

(A.28)

(A.29)
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It follows that

012 _ _ 1
Cov [Zl - ?2’27 Q1] = [L/K—1,1(G/2E 1G2) ILK—LI/U?,K—JZ =014/ 1- P%z'

2

Therefore, 21 — (012/03) 22 is perfectly correlated with ¢; and we can write

012 2
A= + \/@0’1(]1 =01 <P1222 + \/@‘Jl> :

2
Similarly,
Oi+1,2 2 z 2
Ri+l = o2 zot4/1— Piy1,20i+1Gi = Oi41 | Pit1,2%2 +4/1- Piv1,29 ) »
2
Let

T+ 2

=1 =1, K- 1
! :E+2%+qi2

With the above results, we can now write the limiting distribution of the t-ratios as

1
. d 21| 22|07
t(357) = — !

1
29 [L/I(_Ll(G/QE_IG2)_1LK—1,1/O-%K_l] 2

Pi2lZ2 1
— (LL + q1> b2,
V1—0piy
1
H(AML) d (”fﬂ' - lef) 22074
Y1,i ) — T
[L/K—l,i+1(GQE_IGz)_ILK—1,i+1/U%K_1]2
Py i02
cira Pit22 1

_ z 2 s
- |Z2| — gi+1 bi+17 Z_la"-
/1 — p?
Pit22

This completes the proof of part (b).

i=2,..

(A.31)

(A.32)

LK—1. (A.33)

(A.34)

(A.35)

(A.36)

part (c): Let é = ip — 1N%\/[L — B&{ML and note that the fitted (model-implied) expected returns

can be rewritten as

~ ~ ~ML
ML ]N'VML ﬁ %\u

N fr— LML
{\4Ll 1,71

_ ~ML s ML
—1N70 +671 +61+3/{\4L/‘7_13/{\4L
!

AR

+eé

Il
>
[ 5

R 1 +,?{\4L/Vf—1,?{\4L
1
A

R—¢€

I
>
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Using the result from part (a) that &%L = 0p(1) fori=1,...,K —2 and &%@_1 = Op(T%), we
have gME — jip 2 0n and
Riyp, = Corr(uf ", jug)® 5 1 (A.38)

as T'— oo. This completes the proof of part (c).

part (d): Because B is of reduced rank due to the presence of a useless factor, CD; < X?\/— K-
From the numerical equivalence of S and CD; in Lemma 1, it follows that S < X?\/— K even though

the model is misspecified. This completes the proof of part (d).

A.3 Proof of Theorem 2

It follows from Lemma 1 that the S test is asymptotically distributed as 7' times the smallest
eigenvalue of

Q= (X'X/T)B'P,(P/P,)"'P|B. (A.39)

Let Ly be a lower triangular matrix such that LyL’, = V} and define

/
L= [ :f o ] . (A.40)

Using that (X'X)/T % LL' and & 2 %, the S test has the same distribution as the smallest
eigenvalue of

Wy =TLL'B'P,(P|>P))"'P|B. (A.41)

Let P; be an N x (N — 1) orthonormal matrix such that 15{2_%1]\/ = On—1. Then, we have

P(PSP) Pl =2 tP Py 3 (A.42)
and
Wo=TLL'B'Y :P,P/x % B. (A.43)
Define
Z =VTP/x :BL (A.44)
and
M = E[Z) = VTP/x 2 BL. (A.45)
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Then, under Assumptions 1 and 3,
vec(Z) ~ N (vee(M), Iin—1)k) - (A.46)

Since Wy and Z’Z share the same eigenvalues, the smallest eigenvalue of W has the same limiting
distribution as the smallest eigenvalue of Wi = Z'Z ~ Wk (N —1, I, M' M), which has a noncentral
Wishart distribution. Since B has rank K — r, there exists a K x r orthonormal matrix C}
such that MCy; = On_1)x,. Let C = [C1, (3] be a K x K orthonormal matrix, and define
Z = [Zy, Zs) = [ZCy, ZCs). Then, we have E[Z)] = O(n—1)xr and E[Zs) = My = MCy. Using
the fact that Wy = Z'Z and Wy = Z'Z share the same eigenvalues, it is sufficient to obtain the
limiting distribution of the smallest eigenvalue of W5 which is equal to the reciprocal of the largest

eigenvalue of

Wll W12
-1 2 2
Wy = [ WA W ] (A.A47)
Using the formula for the inverse of a partitioned matrix, we have
- R SRR |
Wil = (ZlIn - 2 Z2) " 25 21) ~WelN =K —1+7,1) 7", (A.48)
W3? = —W3' 21 25(2325) ™" = O,(T %), (A.49)
W32 = (Z320) "1+ (2322) " (2320)Wa (21 22)(Z322) ™1 = Op(T 7). (A.50)

Therefore, the limiting distribution of the largest eigenvalue of Wy 1'is the same as the limiting
distribution of the largest eigenvalue of W4l. Equivalently, the smallest eigenvalue of T Q has the

same limiting distribution as the smallest eigenvalue of W ~ W, (N — K — 1+, I,.).

We now show that Prjw, < a] > Pr[z < a], where w, is the smallest eigenvalue of W and

T~ X?V— - By the Bartlett decomposition of a Wishart matrix, we can write

1

W = 1
ZWE x+2z

, (A.51)

where Wi ~W,_1(N— K —2+r,I,_1), 2 ~ N(0,_1, I,_1), and they are independent of each other
and x. Using the fact that the eigenvalues of W are the same as the reciprocal of the eigenvalues

of W1, it follows that
-1
w, = min Ww'Ww= ( max w/W_1w> < ([0, _, YW, 1) P =2~ x4 K (A52)
ww'w=1 ww'w=1

This completes the proof.
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A.4 Proof of Lemma 2

Let Hy = [In, Dy, H = 23] H, = 1y, D], Vis = 132, vec(H; — H)vec(H, — H)', and
Q(\) =[-1, N]® Ix. Then, we have

et(A) = Q(\)vec(Hy), (A.53)
We(A) = QOVAQWN) = (N ® In)Va(A @ Iy), (A.54)

and
TN =T (DX —1x)[(N @ IN)VaA @ In)] DX — 1x). (A.55)

Let P = [1x/vN, Py] be an orthonormal matrix. Then, we can write

J(A) =T(DX = 1n)'[(N @ In)Va(A @ Iy)] 7 (DA — 1)

= T(DX — 15) P(P'W,(\)P)"1P' (DX — 1)

o(Dr-1y) 1 [ We@Win  LWWeP |70 1 17 (DA-1y)
—T VN P,Wffm VN VN ] (A.56)
P{DX %NN P{W.(\) P, P{DX
Denote the matrix in the middle as
1N We (M1 INWe(N) P,
A= R R (A.57)
T PWe(M1 P - :
1 \/gv) N P{We(/\)Pl A21 A22
Using the following formula for the inverse of a partitioned matrix
» 0 Oy, 1 ~1 -1 |
A~ = - — . . , (A.58)
On—1 Ay A — A1pAyy Aoy | Asy Ay Asy Aoy
we obtain
J(A) =CDa(A) + a T [INWe ()T PU(PIWL(N) T P T PIDA — Ty (DA — 13)]?,
N(Ap — A1pAsy Asn)
(A.59)
where
CDy(\) = TND'P[(N ® P))Vy(A® P,)] 1P| DA. (A.60)
The above identity suggests that J(\) < CD2(A), with the equality holding if and only if
VN We(A) TP PU(PW(N)TLP) T PIDA = 1y (DX — 1y). (A.61)
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Note that CD2(\) is invariant to multiplying A by a nonzero constant and, hence, we can only

identify the A that minimizes CD2(\) up to a scalar multiple. Consider the following normalization:
¢ = argmin,...—,;CDs(c). (A.62)

Then, we have
for any nonzero scalar a. To satisfy the equality in (A.61), we need to set a equal to

N R A

, (A.64)

a =
where the last equality follows from

Ly — PL(P{W.(&)P1) " P{We(&) 1y = We(&) "2 [Ty — We(&)2 PL(P{We(&) Pr) ™ P{W.(6)2 )W (&) 1y
= Wel(&) "2 [We(@) 21y (I We(@) " 1y) My We() 2] We(@)2 1y
_ We(@ Mn ()
U We(&) 11y
NW,(&) 1y
- 1/]VW6(6)_11N'

(A.65)

With this choice of a, we have J = J(aé) = CDy < J(\) and hence A = aé. This completes the

proof.

A.5 Proof of Theorem 3
part (a): We first perform an alternative parameterization of the problem. Let

gi(c) = H, [ i ] : (A.66)

When the useless factor is ordered last, we have that E[R;fr 1] = g g1 and H[c*, 1]" = O,

where
0
C>k = _luf,K—l . (A67)
Or—2
Consider the CU-GMM estimator of ¢*:
¢ = argmin,g(c) Wy (c) 'g(c), (A.68)
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where g(c) = 23;1 gt(c)/T and

T
o 1 B _
Wyle) = % > lgi(e) = g()llgle) — g(c))'- (A.69)
t=1
The asymptotic distribution of ¢ is given by
VT(e—c*) 5N (0, (H{S; ' Hi)™Y), (A.70)

where
Sy = Elge(c")ge(c")] = E[RR(frc-14 — 1y ic1)*) = UG i1, (A.71)
and U = E[RR}]. Note that ¢ has the same asymptotic distribution as the estimator
c= (ﬁiﬁ_lgl)_lﬁiﬁ_l(i](, (A72)

where H, = 1N, IA)l] with D being the first K — 1 columns of 13, and dg being the last column
of D. Let

2~ N0k, 05 5 (HIU Hy) ™). (A.73)
Then, we have
VTé, % 2, (A.74)
VT (& + Iy r—1) L (A.75)
VTé; % 2, i=3,... K. (A.76)

Due to the invariance property of CU-GMM, we know that [—1, ;\/] is proportional to [¢/, 1]. Then,
it follows that

1
A= i1, K -2, (A.78)
C1
) 1
AL K-1= ~a (A.79)

/\171'—)— 5 ’izl,...,K—2, (A80)
21
Mr-1 4 1
’ — ——. A .81
= = (A.81)

36



The limiting distribution of Ay depends on whether prr—1 = 0ormnot. If ugp 4 =0, we have

Xo 5 —za/21. If py ey # 0, we have /T <, ts,i—1/71. This completes the proof of part (a).

part (b): It is easy to show that

2 U?‘,K—l U?‘,K—l A .82
LT U DD D) DUy 8 (4.82)

where 9§ is the HJ-distance of the misspecified model. Then,

Ao d 1 d (A.83)

- ~ - ~
vT 0121 OfK—-1%71

where z; = 21/01 ~ N(0,1). In addition, using the same proof as in Theorem 1 part (b), we can

Zit1 = Oyl (Pl,i+151 +4/1— P%i+1qz'+1> , (A.84)

where ¢;+1 ~ N(0,1) and it is independent of Z;.

write

Using the fact that

er(N) Ri(fr—1t— Hpr—1) _1
- _ i +0,(T™2), A.85
\/T 2 117( ) ( )
we can show that
P 2
o
WeN) _ Trr-1py 4o (). (A.86)

= 2
T z7

This allows us to show that the squared ¢-ratio of ;\17 Kk—1 can be expressed as

<2 R .
. TA jo_ Td . [U'—U-'D{(D,U'D))"'D'U1d
t2(A1 K—l) — _ 1A7K 1A — K[ 1(2 1 1) 1 ] K +Op(1)
7 U g (D'We(A)71D) ek i OF K1
(A.87)
Let
T
~ A R 1
dg =dx — fRrif -1 = T Z Ri(fre—1t — By 1) (A.88)
t=1

Then, we have VTdx 4N On, 02 o U). Since jigpis 1= Dilps i1, O_o), it follows that
FEK-1 RMf K1 £, K—2

Td U™ — U Dy(DYUT D) DU dg
= Tdp [U — U Dy(D,U ' Dy) ' DU Ydk

= Tdy[U™ — U 'Dy(DIUDy) ' DU dg + 0,(1). (A.89)
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Let Py be an N x (N — K + 1) orthonormal matrix with its columns orthogonal to U_%Dl. Then,

we have
1

p \/TP(/JU_%dNK E’N(ON—K-H,IN—K-H) (A.90)
FEK—1

and

5 d
P(ALK-1) = XN _K11- (A.91)

For the derivation of the limiting distributions for ¢(Ag) and t(;\u) (i=1,...,K —2), we use
the identity

In —U S Hy(HIU H) ' HU ™% = [y — U2 Dy(D,U " D;) " D,U~% — hi, (A.92)
where ) ) ) )
. Iy —U™2Dy(DIU'Dy) ' DIUEU 21y _ PyP,U %1y (A.93)
5 5 '
and h'h = 1. Note that
VTNU 2dg o1 = VTUNU 2Py PLU 2dg [(o.-16) > 71 ~ N (0, 1), (A.94)
Tdy Iy — U™ Hy(HU " H)  H{U2)dgc fo% 1 5 2~ ke (A.95)

and they are independent of each other. Using the formula for the inverse of a partitioned matrix,

we can show that

2 -1 -1 2 01,i+1
0 r 1ti—1,; (DU D1) g1 =05y — Ofg = 0701 (1= pi 1) (A.96)
1

In addition, we can easily show that for i =2,..., K — 1

VT, (DYU'Dy) DU
kDA D) AT 4y N0, (A7

1
of K1ty (DU D1) ek —1]?

Fori = 1, the result depends on whether s j_; = 0 ornot. If piy g = 0, we have \/TU_%JK/UﬁK_l

N (On, Iy) and hence

VT . (D\U-1D))"'D'U-'d
k=111 ) Di K4 o~ N(O,1). (A.98)

[Nl

of -1ty 1 (DU D1) reg—11]
If piy ey # 0, we have dg & prits -1 = Dilps 1, 0% _o]" and hence
L/K—1,1(DllU_lDl)_lDiU_ldK/Uf,K—l L L}<—1,1(D/1U_1D1)_1D/1U_1D1 [ty i1, Ok ol /o1

= pfK-1/0fK-1- (A.99)
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Note that the ¢;’s are independent of Z; and .

Consider the upper left (K — 1) x (K — 1) submatrix of (D'W.(A)~1D)~1/T, which has the

same limit as

DYWUID) ' DU dged) U D1 (D{U ™ Dy) ™!
7“( LoDyt + ~/( — ) K 1 p— i)lN . (A.100)
2 di U 2[Iny — U 2Dy(D{UIDy)" 1 DU 2|U 2dk
In particular, for: = 2, ..., K—1, the i-th diagonal element of this matrix has a limiting distribution
U?E,K—N/K—Li(DiU_lDl)_le—l,i @ B o7 (1— P%z’+1) @
5 1+ = | = 5 1+—— . (A.101)
zi T+ 2] 2 T+ 2]
Let
T+ 3
bij1 = ———"—. A.102
i+1 qi2+1 T+ Z% ( )
Then, we can write the limiting distribution of (A ;) fori =1,..., K — 2 as
) - ziy2/21 _
Tit2q/1 — p%,i+2|z1|bi+21
|51| <P1 4221+ /1 —p1 Z+2Qz+2>
A1 P1 Ji+2
z l

1 p1 42

The limiting distribution of t(A) depends on whether p f.k—1 =0ornot. If iy gy =0, we have

a similar limiting expression

. z 1
o) % — oAl b2 (A.104)

\/1 —P%,z

If gy ey # 0, we have

Ky k-1
<y d 2 .
2(A) > 5 - =2+ 5 ~ X} k- (A.105)
IrK—1 My k-1
z% o} r_1(x+27)

This completes the proof of part (b).

part (c): The proof follows similar arguments as the proof of part (¢) in Theorem 1 by replacing

~ML ~CU . .
the expression for 5 with the expression for 5 and, to conserve space, is omitted.
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part (d): Because D is of reduced rank due to the presence of a useless factor, CD, < X?\/— K-
From the numerical equivalence of the J and CD; tests in Lemma 2, we have J < X% _x even

when the model is misspecified. This completes the proof of part (d).

A.6 Proof of Theorem 4

First, note that

Lo (XX
B=D ( > (A.106)
and the CD; specification test in Section 3.1 can be rewritten as

¢ B'P,(P;>P,)"'P|Bc . dD'P(P/YP,)"'P|Dc
= min
d(X'X/T) e 2 d(X'X/T)c

CD; = T'min (A.107)

Also, recall that CD; is numerically equivalent to S whose asymptotic distribution is presented in

Theorem 2.

Using (A.106) and Assumption 3’, we obtain
VTvec(P{D — P{D) % N (0x_1)x, Elwil] @ PSPy + (Ix © PiB)V,(Ix ® B'P)), (A.108)

where V, is the asymptotic variance of vTvec (X'X)/T — E[z;2}]). For any ¢ such that P|Dc =

On_1, we have

VTP|De 4N (On—1, ¢Elz}]cPIXPy) (A.109)

since
/

lim P/B XX
e 1 T

Hence, under Assumption 3’ and when H (or equivalently P;D) has a reduced rank, we have

> ¢ = P{BE[x;z})c = P{Dc = 0n_;. (A.110)

CDy = Tmcin(P{lA)c)/[(c/ ® P)Vy(c® P)]"Y(P]Dc)

 min dD'P(P]%P)"'P{Dc
2 d(X'X/T)c

+0,(1) = CD; + 0,(1). (A.111)

Therefore, the J test, which is numerically equivalent to the CDs test (see Lemma 2), shares the

same asymptotic distribution of the S test in Theorem 2. This completes the proof.
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A.7 Proof of Theorem 5

part (a): The proof closely follows the proof of part (b) of Theorem 3 in Gospodinov, Kan,
and Robotti (2014b) and is provided here for completeness.!* Let D = U_%Dl, Iy = U_%lN,
Py be an N x (N — K + 1) orthonormal matrix whose columns are orthogonal to D so that
PyPl, = Iy — D(D'D)'D’, u ~ N(On, In), and w = Plu ~ N(ONy—k+1, IN—k+1). When the

model contains a useless factor, we have (see Gospodinov, Kan, and Robotti, 2014b)
U276\ ) S Pylln_ ki1 — w(w'w) | P, (A.112)

2
and the limiting distribution of § is given by

2

A~ d ~ _ ~
0" = InPylIn k1 — w(w'w) " w|Phly
- - M _ — PPy P AN) " 1P
_ (T Py Pl L) L= = POINUN P P n) " InPulw o (A.113)
w'w
where
"N — P ANl Py P AN TP N-K 1
B:w[NK+1 UN(,NUUN) NU]wNBeta< 3 ,§> (A.114)
w'w

and it is independent of w. Furthermore, the estimated weights é’l for the weighted chi-squared
distribution are asymptotically distributed as (see Gospodinov, Kan, and Robotti, 2014b)

6%(1 - B)

w'w

d
=

N[

(A.115)

When comparing T4 with FN_K(E), we are effectively comparing B with (1—B)/(w'w)x3_x, and

we will reject Hp : 62 = 0 when
pnB
1-B

w'w > (A.116)

Note that w'w ~ % _x 41 and it is independent of B. Therefore, the limiting probability of rejection

for a test with size 7 is

1
S
/0 P [X?V_KH > fjs fB(s)ds. (A.117)

This completes the proof of part (a).

M The results in Gospodinov, Kan, and Robotti (2014b) are derived under the assumption that the mean and the
variance of the useless factor are 0 and 1, respectively. However, since the sample pricing errors and the sample
HJ-distance are invariant to affine transformations of the factors, their results also apply when the useless factor has
a generic mean and a generic variance.
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part (b): Denote by fi = [fit, fot,-- s fr—14] = [f}, fr—14]" the (K — 1)-vector of useful and
useless factors, where the last factor is assumed to be useless. We denote by p i and V]; the mean
and covariance matrix of the useful factors ft Since Q is invariant to linear transformations of the
factors, without loss of generality we assume that the useless factor fx_1; has zero mean and unit

variance. The GLS CSR estimator of v* is defined as
AP = (BIZT1B) T BIE i, (A.118)

where B = [Ga, Bg_1] with G2 = [1n, B1,..., Bk o). Note that the estimator in (A 118) can
be obtained equivalently by running an OLS regression of 53 flp on - 2G2 and 373 ﬁ x—1- To
obtain &1,1{—17 we can project E_E,&R and E_EﬁK_l on E_EGQ, and then regress the residuals

from the first projection onto the residuals from the second projection. It follows that

N 1 =5 G (GES LG LGS 3155
%;%(51: Br_1X72[In — X72GL(GY 1G2) ' RO DRI (A.119)
BT B STy - £TEGu(GRE G IGYSTES By,

Similarly, the first (K —1) sub-vector of 4% denoted by %% = [4,, Y115+ -+ V1, K—2]', is obtained
by projecting f]_%ﬂR and f]_%ég on f]_%BK_l, and then regressing the residuals from the first

projection onto the residuals from the second projection, which yields

T3 By (B/K—IE_IBK—I)_IB/K—IE %] _%é)
Xé'zi_%[ — A‘%B V(B 1S B y) B BTEE

,\)|,_.

,\)|,_.

(A.120)

We adopt the following simplifying notation. Let Gy = %~ ZGQ, fip = X7 Z,uR, M = Iy —
ég(Gng)_ Gz, u ~ N(On,In), and denote by Py an N x (N — K + 1) orthonormal matrix
whose columns are orthogonal to Gy so that PoPl = Iy — ég(é’zég)_léé In addition, let

w = Piu~ N(ON—_r+1, IN—k+1). Then, we have!®

VTS 23, % a, (A.121)

VTPLS 28, 5w, (A.122)

M =1y — 57 2Go(GhE 1 G) 1 GLE 5 B M = PPy, (A.123)
"3 D i, (A.124)

5Note that (A.121) holds under conditional heteroskedasticity because the returns are assumed to be independent
of fol,t-
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and
~l A1~ a1 B
Ctoars . (VTBr372)MY 2, a WMjp Qs
T7297K 1 = eI — - — =—, (A.125)
(VIBg S 2)MNVTS 23, )  wWMu  ww

where Q = iy Ps Pijip and s = iy Py Phu/v/Q ~ N(0,1). Similarly, since TN G5, we have

AGES L (Gh{Ly — ululu) ) Ga) NG Ly — u(u) i = Op(1). (A.126)

Using the identity

In ST 2B (BB I BS 2 = M — MY 33, (Br S M 33, ) B S72 M
N 2B1(By 1) 124 2= 2Br_1(Br X2 2Bk-1)" Br-1 )

(A.122)—(A.124), and (A.127), we obtain

-

="

[
[Nl

. P T N B S IR | _ .

g — Bu(BIST B) " B i) S Polly- s — w(w'w) ™ w/)Pojig. (A.128)
After simplification, we have

o=e¢s"1¢% 0B, (A.129)

where

B= (A.130)

wlIN-r1 = Pofig(ipPe Pojin) HpPelw o (M 1)
w'w 2 2
and it is independent of w. To characterize the asymptotic distribution of the CSR test, we let Py,
be an N x (N — K) orthonormal matrix with columns orthogonal to V = $-2 [1n, Vgy| and denote
by 15‘7 its sample counterpart. In addition, denote by ji; and Vf the sample mean and covariance
matrix of f;, and let & = (R — ip) — B(ft — jiy). When testing Hp : Q@ = 0, we compare TQ with

Fy_ K(é’ ), where the estimated weights, Ei, are the eigenvalues of the matrix

PS5 5 Py, (A.131)
with
Ll
Si=7 ;ltlt (A.132)
and
I =&t =3V (fr = ) (A.133)

We first need to determine the limiting behavior of S;/T" when the model contains a useless

factor. Using that
o | Vi Oxee
0o 1

; , (A.134)
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we have

Iy L ~GLSI{r—1 -
e Vol -
1oAGEs AT,
— € - v V~ - F) — : — + o 1
t \/T \/T 7 (ft /Lf) \/T [k 1t 117()
<, —eth‘l% vOs (A.135)
w'w
where €; = Ry — ug — B(ft — py). It follows that
S;oa Qs
— > A.136
T (w'w)? ( )
This implies that
PstSs e, , o
In_ A.137
T (ww)2 VK ( )
and .
& a Qs Q(1-B)
= = . A.138
T (w'w)? w'w ( )

Following similar arguments as in the proof of part (a), we obtain the limiting probability of

rejection for the CSR test. This completes the proof of part (b).
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Table I
Test Statistics for Various Asset-Pricing Models

The table reports test statistics for the four asset-pricing models (CAPM, FF3, C-LAB, and CC-CAY)
described in Section 1. CDgpr and CDpgei, denote the Cragg and Donald (1997) test for the null of a
reduced rank in the SDF and beta-pricing setups, respectively. HJD and CSR denote the tests of correct
model specification based on the distance measure of Hansen and Jagannathan (1997) and on the GLS
cross-sectional regression test of Shanken (1985). J denotes Hansen, Heaton, and Yaron’s (1996) test for
over-identifying restrictions based on the CU-GMM estimator. S denotes Shanken’s (1985) Wald-type test of
correct model specification based on the ML estimator. ¢, denotes the t-test of statistical significance for the
parameter associated with factor x, with standard errors computed under the assumption of correct model
specification. Finally, R? denotes the squared correlation coefficient between the fitted expected returns and
the average realized returns.

Panel A: Rank, HJD, and CSR Tests
CAPM FF3 C-LAB CC-CAY
CDspr 133.43 86.18 20.82 10.44

(p-value)  (0.0000) (0.0000) (0.5320) (0.9818)
HJD 67.67 51.15 66.36 69.15
(p-value) (0.0000) (0.0024) (0.0000) (0.0005)
CDBeta 421.73 183.61 24.05 13.27
(p-value)  (0.0000) (0.0000) (0.3448) (0.9255)
CSR 69.96 53.00 68.60 70.56
(pvalue)  (0.0000)  (0.0020)  (0.0000) (0.0005)
Panel B: CU-GMM
CAPM FF3 C-LAB CC-CAY
J 64.58 45.10 20.58 10.57
(pvalue)  (0.0000)  (0.0017) (0.4848) (0.9705)
tow 4.29 3.92 —0.93
tsmb —4.23
thmi —2.01
tiabor 4.32
torem 2.82
teg 1.46
teay 0.85
teg-cay —3.22
R? 0.1999 0.7847 0.9595 0.9952
Panel C: ML
CAPM FF3 C-LAB CC-CAY
67.66 49.06 23.10 11.58
(p-value)  (0.0000)  (0.0005)  (0.3388) (0.9503)
tow —-3.24 —-3.43 —1.34
tsmb 2.08
thmi 2.33
tiabor 2.81
torem 4.21
teg —0.90
teay 0.76
tegecay 3.45
R? 0.1346 0.7677 0.9997 0.9994
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Table Il.a
Rejection Rates of Specification Tests (SDF Setup)

The table presents the rejection rates of specification tests under misspecified models. J denotes Hansen,
Heaton, and Yaron’s (1996) test for over-identifying restrictions based on the CU-GMM estimator. HJD
denotes the Hansen and Jagannathan’s (1997) distance test of correct model specification. The results are
reported for different levels of significance (10%, 5%, and 1%) and for different values of the number of
time series observations (7') using 100,000 simulations, assuming that the returns are generated from a
multivariate normal distribution with means and covariance matrix calibrated to the 25 size and book-to-
market Fama-French portfolio returns for the period 1959:2-2012:12. The J test statistic is compared with
the critical values from a x%_ ;- distribution. The HJ-distance test is compared with the critical values from
a weighted chi-squared distribution as in Jagannathan and Wang (1996). The rejection rates for the limiting
case (T = o0) in Panels B and C are based on the results in part (d) of Theorem 3 and part (a) of Theorem 5.

J Test HJD Test
T 10% 5% 1% 10% 5% 1%

Panel A: Model with a Useful Factor Only

200 0.900 0.831 0.635 0.915 0.856 0.690
400 0.996 0.991 0.963 0.997 0.992 0.967
600 1.000 1.000 0.999 1.000 1.000 0.999
800 1.000 1.000 1.000 1.000 1.000 1.000
1000 1.000 1.000 1.000 1.000 1.000 1.000
3600 1.000 1.000 1.000 1.000 1.000 1.000
00 1.000 1.000 1.000 1.000 1.000 1.000

Panel B: Model with a Useless Factor Only

200 0.130 0.063 0.011 0.877 0.810 0.637
400 0.118 0.058 0.011 0.976 0.961 0.910
600 0.113 0.057 0.011 0.990 0.984 0.965
800 0.111 0.055 0.011 0.994 0.990 0.979
1000 0.110 0.055 0.011 0.995 0.993 0.985
3600 0.103 0.052 0.010 0.998 0.997 0.995
00 0.100 0.050 0.010 0.999 0.998 0.997

Panel C: Model with a Useful and a Useless Factor

200 0.101 0.046 0.006 0.829 0.747 0.548
400 0.111 0.054 0.009 0.963 0.940 0.864
600 0.110 0.054 0.010 0.985 0.976 0.950
800 0.108 0.054 0.010 0.991 0.986 0.971
1000 0.105 0.053 0.011 0.993 0.990 0.980
3600 0.102 0.051 0.010 0.997 0.997 0.993
00 0.100 0.050 0.010 0.999 0.998 0.996
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Table I1.b
Rejection Rates of Specification Tests (Beta-Pricing Setup)

The table presents the rejection rates of specification tests under misspecified models. & denotes Shanken’s
(1985) Wald-type test of correct model specification based on the ML estimator. CSR denotes Shanken’s
(1985) cross-sectional regression test of correct model specification based on the non-invariant GLS estimator.
The results are reported for different levels of significance (10%, 5%, and 1%) and for different values of the
number of time series observations (T') using 100,000 simulations, assuming that the returns are generated
from a multivariate normal distribution with means and covariance matrix calibrated to the 25 size and book-
to-market Fama-French portfolio returns for the period 1959:2-2012:12. The S test statistic is compared
with the critical values from a x%_ ;- distribution. The CSR test is compared with the critical values from a
weighted chi-squared distribution as shown in Section 4. The rejection rates for the limiting case (T = o0)
in Panels B and C are based on the results in part (d) of Theorem 1 and part (b) of Theorem 5.

S Test CSR Test
T 10% 5% 1% 10% 5% 1%

Panel A: Model with a Useful Factor Only

200 0.914 0.857 0.697 0.919 0.862 0.702
400 0.997 0.992 0.968 0.997 0.993 0.969
600 1.000 1.000 0.999 1.000 1.000 0.999
800 1.000 1.000 1.000 1.000 1.000 1.000
1000 1.000 1.000 1.000 1.000 1.000 1.000
3600 1.000 1.000 1.000 1.000 1.000 1.000
00 1.000 1.000 1.000 1.000 1.000 1.000

Panel B: Model with a Useless Factor Only

200 0.168 0.096 0.025 0.880 0.815 0.648
400 0.135 0.073 0.018 0.976 0.961 0.911
600 0.124 0.066 0.015 0.990 0.984 0.966
800 0.117 0.062 0.014 0.994 0.990 0.980
1000 0.114 0.060 0.013 0.996 0.993 0.986
3600 0.105 0.052 0.011 0.998 0.997 0.995
00 0.100 0.050 0.010 0.999 0.998 0.997

Panel C: Model with a Useful and a Useless Factor

200 0.148 0.082 0.020 0.833 0.752 0.558
400 0.128 0.068 0.016 0.964 0.941 0.868
600 0.119 0.063 0.014 0.985 0.976 0.949
800 0.113 0.058 0.013 0.991 0.986 0.972
1000 0.112 0.057 0.012 0.993 0.989 0.979
3600 0.104 0.052 0.010 0.998 0.997 0.994
00 0.100 0.050 0.010 0.999 0.998 0.996
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Table 111.a
Empirical Distribution of the R? Coefficient (CU-GMM)
The table presents the empirical distribution of the pseudo-R? computed as the squared correlation between
the realized and fitted expected returns based on the CU-GMM estimator. The results are based on 100,000
simulations, assuming that the returns are generated from a multivariate normal distribution with means

and covariance matrix calibrated to the 25 size and book-to-market Fama-French portfolio returns for the
period 1959:2-2012:12.

T mean  std 1% 5% 10%  25% 50% 75%  90%  95%  99%

Panel A: Model with a Useful Factor Only

200 0.298 0.247 0.000 0.003 0.012 0.073 0.251 0.483 0.669 0.755 0.871
400 0.237 0.204 0.000 0.002 0.010 0.056 0.188 0.378 0.543 0.628 0.757
600 0.214 0.181 0.000 0.003 0.011 0.058 0.176 0.335 0.481 0.563 0.692
800 0.203 0.164 0.000 0.004 0.013 0.063 0.171 0.311 0.443 0.518 0.638
1000 0.196 0.152 0.000 0.004 0.017 0.069 0.169 0.295 0.414 0.483 0.600
3600 0.172 0.089 0.012 0.041 0.062 0.105 0.164 0.230 0.293 0.332 0.404

Panel B: Model with a Useless Factor Only

200 0.900 0.125 0.342 0.658 0.770 0.883 0.944 0.971 0.983 0.988 0.993
400 0.973 0.040 0.809 0.912 0.942 0.970 0.985 0.992 0.995 0.996 0.998
600 0.989 0.015 0.929 0.966 0.976 0.987 0.993 0.996 0.998 0.998 0.999
800 0.994 0.008 0.963 0.982 0.987 0.993 0.996 0.998 0.999 0.999 0.999
1000 0.996 0.005 0.978 0.989 0.992 0.995 0.997 0.999 0.999 0.999 1.000
3600 1.000 0.000 0.999 0.999 0.999 1.000 1.000 1.000 1.000 1.000 1.000

Panel C: Model with a Useful and a Useless Factor

200 0.903 0.125 0.325 0.667 0.779 0.889 0.946 0.973 0.984 0.988 0.993
400 0974 0.039 0.810 0.916 0.945 0.972 0.986 0.992 0.995 0.996 0.998
600 0.989 0.015 0.933 0.968 0.978 0.988 0.993 0.996 0.998 0.998 0.999
800 0.994 0.007 0.967 0.983 0.988 0.993 0.996 0.998 0.999 0.999 0.999
1000 0.996 0.004 0.980 0.989 0.993 0.996 0.998 0.999 0.999 0.999 1.000
3600 1.000 0.000 0.999 0.999 0.999 1.000 1.000 1.000 1.000 1.000 1.000
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Table I11.b
Empirical Distribution of the R? Coefficient (ML)
The table presents the empirical distribution of the pseudo-R? computed as the squared correlation between
the realized and fitted expected returns based on the ML estimator. The results are based on 100,000
simulations, assuming that the returns are generated from a multivariate normal distribution with means

and covariance matrix calibrated to the 25 size and book-to-market Fama-French portfolio returns for the
period 1959:2-2012:12.

T mean  std 1% 5% 10%  25% 50% 75%  90%  95%  99%

Panel A: Model with a Useful Factor Only

200 0.231 0.220 0.000 0.002 0.006 0.040 0.161 0.376 0.577 0.674 0.806
400 0.194 0.188 0.000 0.001 0.005 0.034 0.135 0.309 0.482 0.578 0.719
600 0.178 0.167 0.000 0.002 0.006 0.036 0.130 0.280 0.429 0.514 0.651
800 0.169 0.152 0.000 0.002 0.007 0.040 0.130 0.263 0.393 0.469 0.601
1000 0.163 0.140 0.000 0.002 0.009 0.045 0.131 0.249 0.367 0.438 0.561
3600 0.143 0.082 0.006 0.026 0.043 0.081 0.133 0.195 0.256 0.294 0.367

Panel B: Model with a Useless Factor Only

200 0.940 0.141 0.150 0.703 0.852 0.955 0.988 0.998 1.000 1.000 1.000
400 0.989 0.035 0.877 0.958 0.976 0.991 0.998 1.000 1.000 1.000 1.000
600 0.996 0.009 0.961 0.985 0.991 0.997 0.999 1.000 1.000 1.000 1.000
800 0.998 0.004 0.981 0.992 0.995 0.998 0.999 1.000 1.000 1.000 1.000
1000 0.999 0.003 0.988 0.995 0.997 0.999 1.000 1.000 1.000 1.000 1.000
3600 1.000 0.000 0.999 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

Panel C: Model with a Useful and a Useless Factor

200 0.942 0.135 0.216 0.701 0.852 0.956 0.989 0.998 1.000 1.000 1.000
400 0.989 0.036 0.873 0.959 0.977 0.992 0.998 1.000 1.000 1.000 1.000
600 0.996 0.010 0.963 0.986 0.991 0.997 0.999 1.000 1.000 1.000 1.000
800 0.998 0.004 0.983 0.993 0.996 0.998 1.000 1.000 1.000 1.000 1.000
1000 0.999 0.002 0.990 0.996 0.997 0.999 1.000 1.000 1.000 1.000 1.000
3600 1.000 0.000 0.999 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
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Table IV.a
Rejection Rates of t-tests (CU-GMM)

The table presents the rejection rates of t-tests of statistical significance under misspecified models in the
SDF setup. The null hypothesis is that the parameter of interest is equal to zero. The results are reported
for different levels of significance (10%, 5%, and 1%) and for different values of the number of time series
observations (T") using 100,000 simulations, assuming that the returns are generated from a multivariate
normal distribution with means and covariance matrix calibrated to the 25 size and book-to-market Fama-
French portfolio returns for the period 1959:2-2012:12. The t-statistics are compared with the critical values
from a standard normal distribution. The rejection rates for the limiting case (T' = oo) in Panels B and C
are based on the asymptotic distributions in part (b) of Theorem 3.

useful useless

T 10% 5% 1% 10% 5% 1%

Panel A: Model with a Useful Factor Only

200 0.849 0.814 0.732 - - -
400 0.906 0.879 0.812 - - -
600 0.953 0.936 0.889 - - -
800 0.977 0.968 0.939 - - -
1000 0.989 0.985 0.969 - - -
3600 1.000 1.000 1.000 - - -
00 1.000 1.000 1.000 - - -

Panel B: Model with a Useless Factor Only

200 - - - 0.997 0.996 0.994
400 - - - 1.000 1.000 1.000
600 - - - 1.000 1.000 1.000
800 - - - 1.000 1.000 1.000
1000 - - - 1.000 1.000 1.000
3600 - - - 1.000 1.000 1.000
00 - - - 1.000 1.000 1.000

Panel C: Model with a Useful and a Useless Factor

200 0.330 0.239 0.114 0.993 0.992 0.986
400 0.210 0.130 0.041 1.000 1.000 0.999
600 0.167 0.095 0.023 1.000 1.000 1.000
800 0.148 0.080 0.017 1.000 1.000 1.000
1000 0.136 0.070 0.014 1.000 1.000 1.000
3600 0.108 0.051 0.007 1.000 1.000 1.000
00 0.100 0.045 0.006 1.000 1.000 1.000
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Table IV.b
Rejection Rates of t-tests (ML)

The table presents the rejection rates of t-tests of statistical significance under misspecified models in the
beta-pricing setup. The null hypothesis is that the parameter of interest is equal to zero. The results
are reported for different levels of significance (10%, 5%, and 1%) and for different values of the number
of time series observations (7T') using 100,000 simulations, assuming that the returns are generated from a
multivariate normal distribution with means and covariance matrix calibrated to the 25 size and book-to-
market Fama-French portfolio returns for the period 1959:2-2012:12. The t-statistics are compared with the
critical values from a standard normal distribution. The rejection rates for the limiting case (T' = o0) in
Panels B and C are based on the asymptotic distributions in part (b) of Theorem 1.

useful useless

T 10% 5% 1% 10% 5% 1%

Panel A: Model with a Useful Factor Only

200 0.597 0.508 0.336 - - -
400 0.778 0.703 0.527 - - -
600 0.887 0.834 0.690 - - -
800 0.944 0.913 0.810 - - -
1000 0.974 0.955 0.887 - - -
3600 1.000 1.000 1.000 - - -
00 1.000 1.000 1.000 - - -

Panel B: Model with a Useless Factor Only

200 - - - 0.992 0.990 0.985
400 - - - 1.000 1.000 1.000
600 - - - 1.000 1.000 1.000
800 - - - 1.000 1.000 1.000
1000 - - - 1.000 1.000 1.000
3600 - - - 1.000 1.000 1.000
00 - - - 1.000 1.000 1.000

Panel C: Model with a Useful and a Useless Factor

200 0.261 0.176 0.070 0.987 0.984 0.976
400 0.189 0.113 0.033 1.000 0.999 0.999
600 0.163 0.090 0.022 1.000 1.000 1.000
800 0.149 0.080 0.017 1.000 1.000 1.000
1000 0.142 0.076 0.016 1.000 1.000 1.000
3600 0.120 0.058 0.010 1.000 1.000 1.000
00 0.113 0.054 0.008 1.000 1.000 1.000
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Figure 1. Realized vs. Fitted (by CU-GMM) Returns: 25 Fama-French Portfolios. The
figure shows the average realized returns versus fitted expected returns (by CU-GMM) for each of
the 25 Fama-French portfolios for CAPM, FF3, C-LAB, and CC-CAY.
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Figure 2. Realized vs. Fitted (by ML) Returns: 25 Fama-French Portfolios. The figure
shows the average realized returns versus fitted expected returns (by ML) for each of the 25 Fama-
French portfolios for CAPM, FF3, C-LAB, and CC-CAY.
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Figure 3. Limiting Distribution of the Specification Test S. The figure plots the asymptotic

distributions of S presented in Theorem 2 for r =1, 2, and 3 (for N — K = 7).
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Figure 4. Limiting Distributions of t(‘?{\’/fé_l) under Correctly Specified and Misspec-
ified Models. The figure plots the limiting densities of t(ﬁ%@_l) for correctly specified and
misspecified models that contain a useless factor (for N — K = 7), along with the standard normal

density.
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Figure 5. Realized vs. Fitted (by HJ-Distance) Returns: 25 Fama-French Portfolios.
The figure shows the average realized returns versus fitted expected returns (by HJ-distance) for
each of the 25 Fama-French portfolios for CAPM, FF3, C-LAB, and CC-CAY.
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Figure 6. Realized vs. Fitted (by GLS) Returns: 25 Fama-French Portfolios. The figure
shows the average realized returns versus fitted expected returns (by GLS) for each of the 25

Fama-French portfolios for CAPM, FF3, C-LAB, and CC-CAY.
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