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Abstract: Proposals to introduce derivatives whose payouts are explicitly linked to the volatility of an
underlying asset have been around for some time. In response to these proposals, a few papers have tried to
develop valuation formulae for volatility derivatives—derivatives that essentially help investors hedge the
unpredictable volatility risk. This paper contributes to this nascent literature by developing closed-
form/analytical formulae for prices of options and futures on volatility as well as volatility swaps. The primary
contribution of this paper is that, unlike all other models, our model is empirically viable and can be easily
implemented.

More specifically, our model distinguishes itself from other proposed solutions/models in the following
respects: (1) Although volatility is stochastic, it is an exact function of the observed path of asset prices. This
is crucial in practice because nonobservability of volatility makes it very difficult (in fact, impossible) to arrive
at prices and hedge ratios of volatility derivatives in an internally consistent fashion, as it is akin to not knowing
the stock price when trying to price an equity derivative. (2) The model does not require an unobserved
volatility risk premium, nor is it predicated on the strong assumption of the existence of a continuum of options
of all strikes and maturities as in some papers. (3) We show how it is possible to replicate (delta hedge)
volatility derivatives by trading only in the underlying asset (on whose volatility the derivative exists) and a
risk-free asset. This bypasses the problem of having to trade numerously many options on the underlying asset,
a hedging strategy proposed in some other models.
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Derivativeson Volatility: Some Simple Solutions Based on Observables

It is well known that volatility of most asset prices evolves unpredictably through time
just asthe level of asset price does. However, often volatility risk is difficult to hedge. As aresult
it has often been suggested that derivatives whose payoffs are explicitly tied to volatility be
introduced. This motivation has been discussed in several papers. Brenner and Galai (1989)
suggest that volatility indices (ssmilar to the stock/equity indices) be constructed and options and
futures on these indices be introduced. Whaley (1993) proposes derivatives contracts written on
the implied volatility index of the Chicago Board Options Exchange (CBOE). As of now, many
volatility derivatives, such as volatility swaps and options on volatility are traded over-the-
counter. Many of these contracts have experienced sharp increases in trading volume in the
aftermath of the financia crises of 1997 and 1998 that gave rise to very high volatility levels.
Vauation formulae for volatility derivatives have been proposed in Grunbichler and Longstaff
(1996), Whaley (1993). In a somewhat different approach to this subject, Carr and Madan (1998),
Derman and Kani (1997) and Dupire (1997) have shown how the future level of volatility can be
inferred from the prices of traded options of the underlying asset and thereby derivatives on
volatility be valued.

However each of these models has features that make it difficult to implement them in
practice. Specifying a process for volatility in continuous time, for example the mean reverting
square root process of Grunbichler and Longstaff (1996) has the disadvantage that the underlying
on which the derivative exists is unobservable. Further a functional form for the volatility risk
premium has to be specified (unless it is assumed that investors do not demand any
compensation for volatility). An unobserved volatility process along with an unobserved
volatility risk-premium makes it very difficult to implement the model in practice. It is similar to
not knowing the price of a stock when trying to value an equity option. On the other hand, trying
to value an option on the implied volatility index of the CBOE (by specifying a stochastic
process for the volatility index) asin Whaley (1993) faces the problem that the implied volatility
index is inferred from the Black-Scholes model in which volatility is deterministic. In a

somewhat different approach Carr and Madan (1998) (see Derman and Kani (1997) and Dupire



(1997) for related approaches) show that one does not necessarily require a volatility risk
premium for valuing volatility derivatives. Also the valuation of certain volatility contracts such
as futures and swaps on volatility can be independent of any functional specification for the
volatility process. Although interesting, these approaches do require that a continuum of options
of every strike and maturity on the underlying asset be traded to span volatility. Computing the
value of volatility derivatives using this approach would require one to use numerous
interpolations and extrapolations from a very limited number of options strikes (5 to 15 points
apart in very actively traded options such as options on the S& P 500 index and more so in other
markets) to infer the prices of an entire continuum of options on the underlying asset.
Furthermore, it is not clear how one would estimate the parameters of the model in some of these
frameworks (e.g. Derman and Kani (1997)) once a process for the local volatility process
(associated with every strike and maturity) needs to be specified to value certain types of
volatility derivatives such as options on volatility. More importantly, replicating/hedging
volatility derivatives in these frameworks would require trading in options on the underlying
asset that do not exist at all. Further the cost of replication would be prohibitively high given the
numerous options that one has to trade and the high bid-ask spreads in most options markets.

This paper develops analytical solutions (both in discrete and continuous time) for
volatility derivatives such as options and futures on volatility as well as volatility swaps. For
options, we develop solutions for two types of scenarios: one where the payoff at maturity istied
to the variance at maturity and a second contract where the payoff is tied to the average
(arithmetic average) level of the variance until maturity. Our model distinguishes itself from the
above approaches in many dimensions. First of all, the level of volatility in our model is
explicitly observable as afunction of the path of the discretely observed history of asset prices. In
other words, the underlying on which the option exists is known exactly at each point of time and
all model parameters are easily estimated. As aresult the model can be easily implemented solely
by observing the history of asset price (price of an asset whose volatility we are interested in)
observed at discrete intervals. Also our model does not require that the unobservable volatility
risk premium be known. Unlike Carr and Madan (1998) we do not require the existence of a

continuum of options of all strikes and maturities to compute prices of volatility derivatives.



Instead, the model is easily implemented just by observing the history of asset prices. For the
continuous time model, we show how it is possible to replicate (delta hedge) volatility
derivatives by trading only in the underlying asset (on whose volétility the option exists) or a
futures contract on the underlying asset and a risk free asset without trading in an infinite number
(or numerously many) options as required in Carr and Madan (1998), Derman and Kani (1997)
and Dupire (1997). This is a significant advantage as volatility in itself cannot be traded and as
mentioned before, trading even only a finite number of options is very costly given that the
transaction costs/bid-ask spreads in many options markets are quite high. Also implementing the
continuous time model is straightforward as the parameters of the continuous time model can be

arbitrarily approximated by the parameters of the discrete time model that are easily estimated.

The analytical solutions developed in this paper are based on a discrete-time GARCH
volatility process (and its continuous time counterpart) developed in Heston and Nandi (2000).
While we do require a parametric specification for the volatility process, Heston and Nandi have
shown that the volatility process used in this paper fits the volatility dynamics in many markets
(e.g. S&P 500 index) very well. Furthermore an option pricing model for the underlying asset
based on this volatility process has been empirically shown (see Heston and Nandi (2000)) to
dominate many extant option pricing models, including a heuristic procedure often employed by
traders to update their estimates of volatility by fitting an ad hoc version of the Black-Scholes
model to the skew in implied volatilities and the term structure of volatility in the S& P 500 index
options market (see Dumas, Fleming and Whaley (1998) for the ad hoc Black-Scholes model).

Section 1 describes the basic discrete-time model, Section 2 describes the continuous-
time model and describes the construction of the replicating portfolio, while Section 3 concludes.

The appendix contains detailed cal culations and derivations of the option formula.
1. Discrete-Time Model

The discrete-time model has two basic assumptions. The first assumption is that the
logarithm of the price of the underlying asset (i.e. the spot price) follows a particular GARCH

process.



Assumption 1: The spot asset price, S(t) (including accumulated interest or dividends) follows

the following process over time steps of length A,

log(S(t)) = log(S(t-A)) + r + Ah(t) +/h()z(t), (1)
h(t) = o+ Bh(t-0) + a(z(t-0)-Wh(ED)) .

wherer is the continuously compounded interest rate for the time interval A and z(t) is a standard
normal disturbance. h(t) is the conditiona variance of the log return betweent - A and t and is
known from the information set at timet - A. The conditional variance in equation (1), although
functionally different from some existing GARCH models, in fact is similar to the NGARCH and
VGARCH models of Engle and Ng (1993). The conditiona variance h(t) appears in the mean as

a return premium. This alows the average spot return to depend on the level of risk.* In
particular limiting cases the variance becomes constant. As the a; and (3; parameters approach

zero, volatility is constant through time.

The first-order process is stationary with finite mean and variance if p+ay2 < 1.2 In this
model h(t+4) is known at time t. In other words, one can directly observe h(t+4), at timet, as a
function of the spot price as follows

] -A))-r-Ah(t)- 2
h(tH) = e+ Bh() +a (log(S(1)) |09(5(th8) r-Ah(t)-y1h(t)) | @

o determines the kurtosis of the distribution. The y parameter results in asymmetric influence of
shocks; a large negative shock, z(t) raises the variance more than a large positive z(t) which isa
characteristic of many asset markets. In general the variance process h(t) and the spot return are

correlated as follows,

Covi. [h(t+2)Jog(S(B)] = -2 ayh(t). 3

! The functional form of thisrisk premium, Ah(t), prevents arbitrage by ensuring that the spot asset earns the riskless
interest rate when the variance equals zero.
2 In the multiple factor case one must add the additional condition that the polynomial roots of

P .
xp-Z(Biﬂxiin)xp" lie inside the unit circle.
i=1



Given positive o positive value for y results in negative correlation between spot returns and
variance. One can directly estimate all parameters, i.e, w, o, B,yand A through a smple
maximum likelihood estimation of the observed spot price series as in Bollerslev (1986) and
many others. Although typically A isimprecisely estimated from the time series of asset returns,
Heston and Nandi (2000) show that option prices are very insensitive to A because it is a drift

parameter.

At this point we cannot value options or other contingent claims because we do not know
the risk-neutral distribution of the spot price and the variance. Following Heston and Nandi
(2000) it follows that the risk-neutral distributions are

log(S(t)) = log(S(t-A)) + r - ¥eh(t) +\/h(t)ZH(t), 4)
h(t) = w+Bh(t-A) + +a(zt-A)yAh(D))’,

where,

Z4t) = z()+Q+¥Nh(Y),
YH= v+,

Proposition 1: The risk-neutral process takes the same GARCH form as equation (1) with

replaced by -¥2 angreplaced byt = y+A+Y5.

The proof of this proposition follows directly from Heston and Nandi (2000). Since we
are interested in valuing volatility derivatives, we have to know the conditional probability
density function of the future variance at a given point in time. In particular, we are interested in
computing both the value of the option on the variance of the underlying asset at the maturity of

the option as well as the option on the average realized variance until maturity

Option On The Realized Variance at Maturity

We will first describe how to value options on the variance of an underlying asset where
the level of the variance is the realized variance at the maturity of the option. In other words, the

payoff from the first option is Max[h(TA) —K,0], where T is the maturity of the option.



Let f(¢) denote the conditional moment generating function (at time t) of the variance
f(@) = E[en(T+A)]. ®)

The function f(¢) depends the parameters and state variables of the model, but these arguments
are suppressed for notational convenience. We shall use the notation f*(¢) to denote the moment

generating function for the risk-neutral variance process (4), and E*[.] to denote risk-neutral

expectations.

Proposition 2: The moment generating function takes the log-linear form

f(@) = exp(A(t T, +B(tT,9 h(t+4)) (6)
where,
AT, = At+A; T, + WB(t+A; T, -Y2In(1-2B(t+A;T,9)),

ay,2 B(t+A;T,0)
1-20B(t+A;T,¢)

B(GT.@) =BB(+AT,@) +

And these coefficients can be calculated recursively from the boundary conditions:
A(QIr = 0, (7)
B(T,T.9 =¢

Note that f(¢p) is the characteristic function. One can calculate probabilities and risk-
neutral probabilities following Feller (1971) or Kendall and Stuart (1977) by inverting the
characteristic function as done in Heston (1993), Bates (1996) and many others. The appendix

proves the following proposition:

Proposition 3: If the characteristic function of h(T¥ is f(ig) then

E, [Max(h(T+2)-K,0)] = ®)
'i(ﬁ . _i(q .
E, [n(T+0)] (% +%{§]Re .*;Et[h (++ Al)]]d(p) S K% +%#Re[%@]d¢),
0 0



where Rel] denotes the rea part of a complex number and f(i@) is the derivative of the

generating function and is given by
fli@) = 1(Q) (AJLT.Q) + Byt T.Qh(t+A) €)

and A and B¢ can be computed recursively as::
AgtT,@ =At+AT,Q) + B (t+AT,@) -Y2In(1-2x B(H+AT,9), (10)

Bo(ttAT,@)  2a B(t+A;T,@)Bg (AT, @)
Bo (tT,0) =PBB(t+A:T,q) + ay2 2 . +
o(ET.0) =BBHAT.O + V(o0 traT.q) (1-20B(+0T.9)°

from the following boundary conditions

AGTT.® =1, (11)
B(T;T.9) =0
and
i N
() = o+ T 2EEL L @ 4 pinceny (12)

where, N = T-t. Note that h(®) is known as of time t from the history of asset prices, making it

very easy to compute this conditional expectation.

Now consider an option on the level of the variance at time T. In our model, the level of the
variance at time T is h(¥). An option price is simply the discounted expected value of the

payoff Max(h(t#))-K,0) calculated using the risk-neutral probabilities.
Corollary:  Attime t a European call option with strike price K that expires at time T is worth

C = e(MTHEHMax(h(T+a)-K,0)] (13)



- rC (i -
= e/ BIh(T+0) +%[r][JRe[L(”i(§'~“—l)]dcp) - ket (T (v +1—1T55Re[%@]d@,
0 0

where E-[h(T+a) is the same as{B(T+a] except thay replaced by = y+A+%. The above
integral can be easily computed with a numerical integration routine in fractions of a second as

the integrand is well-defined and converges very rapidly.

Option On The Realized Average Variance

Let the option payout at the maturity is tied to the average variance, i.e. the option at time

T+A T+A
T pays Max[Zhi— K,0]. Let us denote H(t, B Zhi' Let m() denote the conditional moment
i=t+A i=t+A

generating function (at time t) of the variance
m(@ = [eHtD]. (14)

Then it can be shown that
m) = exp(A(t;Te) + B(t;T,9) h(t+d) (15)

where A(t;T,p) and B(t;T,p) are the same as before i.e. as in equation (6) and are computed from

the following boundary conditions:

A(T-1,T.@ = quw- ¥2ln(1-2p1), (16)
a0 V2
B(T-LT,Q) = ¢(1+p) +—@L1_2a¢,
T+A
The option formula is the same as (13) except thdhET+4)] is replaced byZEt (hy) and
i=t+A

each of the terms inside the summation can be calculated as in (12) to show that



T+A T+A
EJ Y ()= E M)
I=t+A I=t+A
N VE)Z i
=hie) (L (V) @)+ B) + vy S GERE G @
i=2

where N = T-t and recall that h(t+A) is known as of timet from the history of asset prices.

Volatility Swaps and Futures

Volatility swaps are contracts that pay at maturity the difference between the realized
variance (over aperiod of time) and a constant. The constant is determined at the initiation of the
contract and is often the implied volatility of a near-the-money option. In our model the payoff

T+A
from the volatility swap at time maturity, T is Swap(T) = Zhi_ K. Thus in order to compute its

iI=t+A
value today (i.e. at time t), we have to compute Swap(t)

T+A
Swap(t) =& 5 ()
i=t+A
Since the above conditional expectation has been calculated above, it follows that (17) also gives

the value for the volatility swap.

Of course the time t value of a futures contract on the volatility (that expires at T) is

F(t) = BU[h(T+)]

) N
= Or 0T gz @+ Bh(t)

where N = T-t.



2. Continuous-time Model.
Foster and Nelson (1994) and others have shown that many GARCH models have well-

2
defined continuous-time limits. Let a41(A) = Y0202, B4 (A) = 0,w(d) = (K6-Ya02)A2, y1(A) = o

%1 andA(A) = A. Following Heston and Nandi (2000), we find that the continuous-time limit of

the GARCH model, (1) is
d log(S) = (rAv)dt ++/vdz, (18)

dv =k(8-v)dt + onvdz,
where z(t) is a Wiener process. Note that the same Wiener process drives both the spot asset and
the variance. This limiting behavior of this GARCH process is very different from those of other
GARCH processes such as GARCH 1-1 or most of the other asymmetric GARCH processes in
which two different Wiener processes drive the spot assets and the variance. Note also that the
variance follows the square root process of Feller (1951), Cox, Ingersoll and Ross (1985), and
Heston (1993)

Again following Foster and Nelson (1994), it follows that the continuous-time risk-neutral

processes are
d log(S) = (r-v/2)dt +/vdz", (19)
dv=(k(6-v)+a( A +¥2)v)dt +onfvdZ',
where z(t) is a Wiener process under the risk-neutral measure.

As with the discrete-time model, the moment generating function for v(T) can be shown to be
f(@) = E [e(T+)] (20)

= AT) + B(t,T)v(t)

10



where the coefficients A(t,T) and B(t,T) are given in terms of the model parameters as follows:

Letgl=0?/(2k )and g2 = Up- 0 /(2K")

B(t,T 21
" a @
2K ¢ 2K
and
— O(-% + gl+g2
A(tT)= Ke(g|1 Kglloggl+gZexp(K*r)) (22)

Now consider a call option that pays Max(v(T)-K,0)]. Then it can be shown as in the discrete

time case that the value of the option is
-i -i
C(tT) = e (T3 E u(T)] +—§J [my_)]d@ Ke(T0(v, +—§J o Dy (29

where f(p(i(p) is the derivative of the generating function and is given by

Foli@) = f(Q (Agt,T-t) + Bt T-Hh(t+A)) (24)

and A, and B, can be computed directly from the expressions for A() and B() respectively and

the expectation of v(T) can be computed as in Cox, Ingersoll and Ross (1985) to be
E'{V(T)] = v(t) exp(-(< - o( A +%2))(T-1)) +6 (1-exp(-(k - o( A +%))(T-1))) (25)

Replicating the Option

In this section we show how the option on volatility can be easily replicated by trading in the
underlying asset and a risk free asset. This replication is very different from other models such as
those of Carr and Madan (1998), Dernam and Kani (1997) and Dupire (1997) in which one needs

to trade in numerously many option son the underlying asset to replicate the volatility option.

11



Recall that the dynamics of the asset price process are given as
dlog(S(t)) = (r-v(t)/2)dt +~/v(t) dz*(t) (26)

avt) = (K(O-V(t)+o( A +¥a)v(t))dt +or[v(t)dZ (1),

Since both the asset price and the variance are driven by the same Wiener process, it
follows from the martingale representation theorem (Harrison and Pliska (1981), Cox and Huang
(1985)) that one can replicate any payoff that is measurable with respect to the information set
generated by the asset price process. Since the payoff of the option is a function of the path of the
asset price, it automatically follows that the option on the volatility can also be replicated by
trading in the asset (on whose volatility the option is written) and a risk free asset (the zero
coupon bond that matures at the same time as the option) using a self-financing strategy.
Although such a replicating portfolio can be found straight from the types of arguments used in
Black and Scholes (1973) and Merton (1973), we will illustrate it using the fact that under the
risk-neutral measure, the discounted asset/portfolio price is a martingale, an approach that is
more general.

Let us form a replicating portfolio, worth Mdy buying of the asset and borrowing the
rest at the risk free rate. Then the wealth process of the portfolio is given as

dW(t) 8(t)dS(t) + r(W(t) - 8(t)S(t))dt (27)

Let B(t) = exp(rt). Then it follows that
d(W(t) B() = S(tn/v(D) (S(t)/B(L) dZ (1), (28)
But at the same time, since W(t) is also the value of the option at time t,

d(W@Jt) = d(exp(-r)C(t,v(b) (29)

12



Using Ito’s lemma to the RHS of the above equation, we get that

d(W(ty B(®)

= -BOC(LVD)dt + (LBA)(Cr dt + G, [(K(B-V(D)+O( A +¥2)v(D]dt + ¥2Gy 0” () dit

+@nv(t) dZ (1)) (30)

But it is well known that W(f)3(t) is a martingale under the risk-neutral distribution and

therefore has zero drift. Hence the above equation simplifies to

d(W(H B(t)) = (LB(®))( Cuonv(D) dZ'(1) (31)
Comparing (28) with (31) and equating coefficients we get,
o(t) = aC, /S(t) (32)

The above derivation of the replicating portfolio assumes continuous trading and rebalancing as
in Black and Scholes (1973) and Merton (1973). However, given that trading and rebalancing
takes place at discrete pints of time, one has to be careful in implementing the above replicating
portfolio. Since typically volatility is mean reverting and changes somewhat less than the change
in the asset price, the biases introduced by discrete trading in replicating the option on volatility

are likely to be less than in replicating the option on the asset.
3. Conclusions

This paper has developed closed-form/analytical formulae for the value of volatility
derivatives such as options and futures on volatility as well as volatility swaps. The formulae are

useful because they depend only on observable variables. As a result, the proposed solutions can

13



be implemented in practice unlike other solutions that depend on non-observables and/or the
existence of a continuum of options of different strikes and maturities. It is also shown how one
can hedge different volatility derivatives by trading only in the underlying asset (on whose
volatility the derivative exists) and a risk-free asset. This is a significant advantage as it
circumvents the problem of having to trade numerously many options on the underlying asset, a
hedging strategy proposed in some other models, that although attainable theoreticaly is
prohibitively expensive in the real world due to the high bid-ask spreads/transactions costs in
many options markets. Hopefully the solutions developed herein will help investors to price and
hedge the emerging instruments of volatility derivatives in aframework that not only isinternally
consistent with easily estimable parameters, but aso can be readily implemented without

Incurring ruinous transactions costs.
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Appendix: Derivation of the Generating Function and Option Formulas
Proof of Proposition 2:

Derivation of the Generating Function:

Let f(t; T, be the conditional moment generating function of h(T+A).
ftT.9) = Edexp(en(T+A))]. (A1)

We shall guess that the moment generating function takes the log-linear form
f(tT.0 = exp(AGT.O+BET.@h(t+D)) (A2)

and solve for the coefficients A() and B () asin Ingersoll (1987, p. 397), utilizing the fact that
the conditional moment generating function is exponential affine in the state variable, h(t). The
fact that the conditional moment generating function is exponential affine can be easily verified
by calculating the moment generating functions for h(t+2), h(t+3) and so on. Equation (A2)

specifies the general form of this function for x(T).
Clearly

AMTe =0, B(TT.9 = @ (A3)
By iterated expectations,

f(tT.0 = E[ft+aT.0)]. (A4)

A useful result isthat for a standard normal variable z

E[exp(a(z+b)?)] = exp(-¥2In(1-2a)+adi(1-2a)). (A5)
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Substituting the dynamics from equation (1) and substituting this result proves the recursions for
A()andB()i.e
AT, = A+A; T, + WB(t+A; T, -Y2In(1-2B(t+A;T,9)),

ay1? B(tHA;T,¢)
1-20B(t+A;T,¢)

B(GT.@) =BB(+AT,@) +

Proof of Proposition 3:

Let v=h(T+A). Let f(¢) denote the moment generating function of the probability density
p(v). Let g(v) be an adjusted probability density defined biwp= vp(v)/E[v]. Then the

moment generating function fof (v) is

[ exp@)p’ (Vv = 17 v exppidv = 2 (n6)

-00 -00

The expectation of a call option payoff on v separates into two terms with probability integrals.

E[Max(v-K)] = cfvp(v)dv - KTp(v)dv. (A7)
K K
= E[v]j p*(v)dv - KI p(v)dv.
K K

. - . . fo(iQ) . -
Note that f(¢@p) is the characteristic function corresponding to p(v)égﬂa2 is the characteristic

function corresponding to' (x). Feller [1966] and Kendall and Stuart [1977] show how to

recover the “probabilities” from the characteristic functions

00

}Op(v)dv = %+%§]Re%i—@]d(g (A8)

K 0
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and similarly the other integral of p”(v).

Now it remains to compute the conditional expectation of the discrete time GARCH variance,
h(T+4) i.e. E; [h(T+A)] in (12). Thisis easily calculated by directly taking the conditional

expectation at various lags and realizing that they follow a consistent pattern.
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